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November 4, 2026

Definition. A functor P: & — C between strict categories is a discrete left fibration if, for every object
z € £ and every morphism f: Px — c¢ in C, there is a unique morphism f: x — y in &£ such that Pf = f.

Exercise 4.1 (Discrete left fibrations). Let C be a strict category.

(a) Prove that a functor P: & — C is a discrete left fibration if and only if the functor PoP: £°P — C°P is
a discrete right fibration.

(b) Deduce that the opposite isomorphism (—)°?: CAT; jcor =5 CAT, Jc restricts to an isomorphism

(=)°P: DRFib(C°P) = DLFib(C),

where DLFib(C) is the full strict subcategory of CAT; ¢ spanned by the discrete left fibrations with
small fibers.

(c) Let the covariant Grothendieck construction be the composite

/"

Jio: Fun(C, Set) = Fun((CoP)°P, Set) s CAT: jeon s CAT, ¢
Describe, for every functor F': C — Set, the strict category [, F' and its projection 7p: [, F' — C.

(d) Deduce from the fact that fcop : Fun((C°P)°P, Set) = DRFib(C°P) is an equivalence and part (b) that
J. induces an equivalence [,: Fun(C, Set) = DLFib(C).

(e) Prove that the forgetful functor U: Set, — Set is the universal discrete left fibration: it is a discrete
left fibration and, for every functor F': C — Set, there is a pullback square in CAT:

fc F —— Set,

CTNSet

Exercise 4.2 (Cartesian morphisms). Let P: £ — C be a functor between strict categories. Prove that:
(a) The composite of two P-cartesian morphisms is P-cartesian.
(b) A morphism f in £ is an isomorphism if and only if it is P-cartesian and Pf is an isomorphism in C.

(¢) If f:x — zand g: y — z are two P-cartesian morphisms in &€ such that Pf = Pg, then there is a
unique isomorphism ¢: x =N y in £ such that Py = idp, and gp = f.

(d) Let F': C°P — Cat be a functor between strict categories and let 7" [ € F = C denote its Grothendieck
construction. Prove that a morphism (f,u): (c,z) — (d,y) is 7% -cartesian if and only if u: x — Ff(y)
is an isomorphism in Fle.

Exercise 4.3 (Functoriality of universals). Let P: £ — C be a cartesian fibration. Suppose that, for every
object ¢ € C, the fiber £, has an initial object. Prove that P admits a left adjoint section S: C — £.

Exercise 4.4 (Slices). Let C be a strict category with all pullbacks and a terminal object ¢ € C. Prove that:



(a) there is an isomorphism of strict categories C;; = C;

(b) for every morphism f: ¢ — d in C, there is an adjunction
fi:Cre=2Crq o f7,
where fi is obtained by postcomposing with f and f* by taking the pullback along f;

(c) for every object ¢ € C, there is an adjunction

me: Cre = C 0 — Xe

Hint: Apply (b) by taking f to be the unique morphism !: ¢ — ¢ and use (a).



