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INTRODUCTION

This course is an introduction to co-category theory. oo-Categories are homotopical gen-
eralisations of ordinary categories. They provide a convenient language for organising math-
ematical objects and their relationships, and for formulating and proving theorems. Over
the past few decades, they have become an important tool in areas of algebraic topology,
algebraic geometry, number theory, homological algebra, and mathematical physics.

What is an oco-category?

Informally, an oco-category consists of

e objects x,vy, .. ;

e morphisms f: x — y between objects;
!

e 2-morphisms e ¥ between parallel morphisms
g

e 3-morphisms between parallel 2-morphisms;
e and so on;

such that all k-morphisms for & > 2 are invertible, in a suitably weak sense. Composi-
tion is associative and unital up to higher invertible morphisms, which themselves satisfy
compatibility conditions in all higher dimensions.

A motivating example comes from topology. Given a topological space X, consider the
oo-category whose:

e objects are points of X;

Yy
e morphisms are paths between points in X; =z ﬁ/

2-morphisms are homotopies between paths, fixing the endpoints; = <> Y

e 3-morphisms are homotopies between homotopies, fixing the boundaries;
e and so on.

Composition is given by concatenating paths and homotopies. Concatenation of paths is
associative and unital up to homotopy: different ways of composing the same paths need
not give exactly the same parametrised path, but they can be continuously deformed into
one another. Moreover, reversing a path gives an inverse up to homotopy. Thus, in this
example, even the morphisms are invertible in the appropriate sense. Such a structure is
called an oco-groupoid.

Axiomatic approach to oo-categories

Traditionally, oo-categories have been studied through concrete models, such as quasi-
categories [Joy08,|Lur09] and complete Segal spaces [Rez01,|Ras23]. These models make
the informal description above precise using constructions within set-theoretic foundations.
Encoding oco-categories in set-theoretic terms can make them difficult to work with: questions
about intrinsic categorical properties may become hard combinatorial problems involving the
chosen model.
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In this course, we will take an axiomatic approach to oco-category theory. Our approach
differs from the model-based one described above in the following aspects: the foundations,
including the structure identity principle, and the synthetic approach.

Homotopy type theory. The first aspect is a change of foundations. In ordinary set-based
mathematics, given a set X and elements x,y € X, the expression & = y is a proposition: it
is either true or false, and carries no further structure describing an identification between x
and y.

In homotopy type theory, our basic objects are types. We write z : X to say that x is a
term, or element, of the type X. Given terms z,y : X, the expression

xT=1y
is itself a type, called an identity type. Its terms can be thought of as paths identifying x
and y. Given two such terms p, ¢ : x = y, we can form another identity type

p=aq,
whose terms can be thought of as homotopies between these paths. This process continues
indefinitely.
A type therefore already carries higher-dimensional structure: terms, identifications be-
tween terms, identifications between identifications, and so on. These identifications behave

like paths and higher homotopies in a space, so types naturally behave as co-groupoids. The
higher structure is built into our foundations.

The structure identity principle. When studying mathematical structures in classical foun-
dations, one must distinguish between properties that are invariant under isomorphism and
those that depend on the chosen presentation. For example, given a group G, the property “G
contains an element of order 2” is invariant under group isomorphism, whereas “the identity
element of G is the number 0” is not. Indeed, the groups ({0, 1}, +mod 2) and ({1,—1},-) are
isomorphic, but the latter property holds only for the first. Both properties can be expressed
in set-theoretic foundations, but only the first describes the abstract group structure.

An inbuild feature of equality, both in set-theoretic foundations and in homotopy type
theory, is the indiscernibility principle: if x = y, then any property of = also holds for y, and
any additional structure on x can be transported to y, and vice-versa.

Homotopy type theory allows for an additional feature that is inconceivable in classical
foundations: namely the structure identity principle. It connects equality with the mathe-
matical notion of having the same structure. For example, given groups G and H, the terms
of the identity type G = H correspond precisely to group isomorphisms from G to H. Thus,
giving an identification of two groups amounts to giving an isomorphism between them. The
identity type records not just whether the groups can be identified, but also how they are
identified.

Combined with indiscernibility, this implies that every property or construction of groups
expressible in this framework is invariant under isomorphism. Invariance under isomorphism
is therefore built into the foundations.

Synthetic category theory. The second aspect is the synthetic viewpoint itself. Rather than
beginning with a concrete construction of an co-category, we will specify axioms describing
how oo-categories and the relationships between them behave. Our emphasis will therefore
shift from the question “What is an co-category?” to “How does the collection of co-categories
behave?” This requires a sufficiently rich axiomatic setting, but allows us to develop the
theory directly from its structural properties.
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To do this, we extend homotopy type theory so that we can also talk about non-invertible
morphisms. In this framework, co-categories are basic types, and we retain the core principles
of homotopy type theory, such as the structure identity principle.

Course overview

We will begin with a brief introduction to ordinary category theory, which we will call
strict category theory throughout these notes. The aim is to become familiar with examples
and basic constructions before encountering their co-categorical counterparts. We will then
survey the foundations of homotopy type theory, following [Rij25,Unil3]. Next, we will pass
to an extension of this type theory, which is inspired from [Riv25] and formulate the axioms
of synthetic category theory in this extended type theory. This approach to the foundations
differs from the one presented in [CCNW21]. We will then develop category theory in this
synthetic setting, following [CCNW21].

We plan to cover adjunctions, localisations, left and cocartesian fibrations, the Yoneda
lemma, left and right Kan extensions, and limits and colimits. These names need not be
familiar at this stage: the course will introduce them progressively, explaining both their
meaning and their role.

Al-use disclosure. All mathematical content of these notes is written by the authors. An Al
assistant (GPT-6 Astra) was used for proofreading, fixing small errors and typos, and other
routine editing tasks.



I. Strict category theory

In this first part, we introduce or recall various definitions and constructions in ordinary
category theory that will later be generalized to the co-setting. Our aim is to build intuition
for the kinds of structures and results we will encounter, so that the abstract setting intro-
duced later feels less intimidating. We will also highlight some of the limitations of strict
categories and explain why they can be too rigid to do category theory. For instance, working
with sets of objects and morphisms encourages us to formulate notions in terms of equality
of objects, which can lead to constructions that are not invariant under equivalences of strict
categories. Understanding this distinction, and the difficulties it creates, will motivate the
synthetic approach to category theory developed later in the course.

The topics covered in this part have been chosen specifically with the axioms of synthetic
category theory in mind.

1. FIRST DEFINITIONS

We start by introducing strict categories, functors, and natural transformations, together
with some examples. Throughout the course, we refer to ordinary categories as strict cate-
gories, reserving the term categories for their co-counterparts, namely synthetic categories,
which will play a much more central role in this course.

1.1. Size issues

Russell’s paradox tells us that the collection of all sets is not a set. To handle this issue,
we will work with three nested universes of sets.

Definition 1.1. A set-universe is a set & whose elements are sets satisfying the following
properties:

(Infinite) the set of natural numbers N belongs to U.

(Subset closure) if A € Y and B C A, then B € U;

(Power set closure) if A € U, then its power set P(A) € U,

(Union closure) if I € U and A; € U, for each i € I, then |J;c; Ai € U.

Remark 1.2. A similar proof to Russell’s paradox applies here to show that U ¢ U. By

contradiction, suppose that &/ € U. Then we can form the subset of U
R={AcU|A¢ A} CU

and, by hypothesis, we have that R € &. But this gives a contradiction since we have that

Re Rifand only if R ¢ R.

Convention 1.3. We will assume that there exist set-universes
Msmall - Z/[large - Z/{huge

such that Usman € Ularge and Unarge € Unuge-

Definition 1.4. We introduce the following terminology.

e A set or a small set is an element of Ugyay.
e A large set is an element of U, rge.
e A huge set is an element of Uy yge.

Remark 1.5. Our definitions, statements, and constructions are relative to a chosen universe.
We will sometimes apply these at a larger universe level, regarding “large” as the new “small”
and “huge” as the new “large”.
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1.2. Strict categories
Definition 1.6. A strict category C consists of

a large set Ob(C) of objects z,vy, z, .. .;

for all objects z,y € C, a large set C(x,y) of morphisms f: x — y from x to y;

for each object z € C, an identity morphism id,: z — z;

for all morphisms f: x — y and g: y — z in C, a composite morphism go f: xz — z;
we also write simply gf for the composite;

satisfying the following axioms:

e composition is unital: for each morphism f: z — v,
foid, =f and idyo f=f;
e composition is associative: for all morphisms f: 2z — 1y, g: y — 2z, and h: z — t in C,
(hog)of=ho(gof).

Remark 1.7. By convention, a strict category has a large set of objects, which we refer to
simply as its object set, and large sets of morphisms, which we refer to simply as its hom
sets.

We will also consider huge strict categories with huge sets of objects and of morphisms.

Definition 1.8. A strict category C is

e locally small if, for all objects x,y € C, the hom set C(x,y) is small;
e small if its object set is small and it is locally small.

Ezxample 1.9. We have the following examples of strict categories.

The strict category Set of sets and functions.

The strict category Set, of pointed sets and basepoint-preserving functions.
For a field k, the strict category Vecty of k-vector spaces and k-linear maps.
The strict category T op of topological spaces and continuous functions.

All these strict categories are locally small, but not small.

Definition 1.10. Let C be a strict category. A morphism f: x — y in C is an isomorphism
if there is a morphism g: y —  in C such that go f = id, and fog = id,. We write f: x — y
or f: x 2 y. We call g an inverse of f.

We say that two objects x and y in C are isomorphic if there is an isomorphism f: z = Y
in C. We write x = y.

Ezample 1.11. The strict categories in Example have the following isomorphisms.

An isomorphism in Set is a bijection.

An isomorphism in Set, is a basepoint-preserving bijection.
An isomorphism in Vecty, is a linear bijection.

An isomorphism in 7 op is a homeomorphism.

Proposition 1.12. Let C be a strict category. An isomorphism f: x — y in C has a unique
inverse, which we denote by f~':y — x.

Proof. Suppose that g, h: y — x are two inverses of f in C. Then
g:goidy:go(foh):(gof)oh:ideh:h. O
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1.3. Functors between strict categories

Definition 1.13. Given strict categories C and D, a functor F': C — D consists of:
e a function Ob(C) — Ob(D) sending an object x € C to an object Fx € D;
e for all objects z,y € C, a function C(z,y) — D(Fz, Fy) sending a morphism f: x — y
in C to a morphism F'f: Fx — Fy in D;
satisfying the following axioms:

e [ preserves identities: for each object x € C,
F(idy) = idpg;
e F preserves composites: for all morphisms f: z — y and g: y — z in C,
F(gof)=FgoFf.

Example 1.14. We have the following examples of functors.

e The forgetful functors U: Sety — Set, U: Vecty — Set and U: Top — Set sending a
pointed set, a k-vector space, or a topological space to its underlying set.

e The functor (—)y: Set — Set, which freely adjoins a basepoint to a set S, namely
St o= (S I {x}, ).

e The functor EB(_) k: Set — Vecty which sends a set S to the k-vector space with basis S,
namely @Pg k.

e The discrete topology functor D: Set — T op equipping a set S with the discrete topology,
namely (S, P(S)), where P(S) is the set of subsets of S.

e The indiscrete topology functor I: Set — Top equipping a set S with the indiscrete
topology, namely (S, {0, S}).

Proposition 1.15. Let F': C — D be a functor between strict categories. Then F preserves
isomorphisms, i.e., if f is an isomorphism in C, then Ff is an isomorphism in D.

Proof. Exercise. O

Construction 1.16. There is a strict category Cats with

e object set Ob(Cats) consisting of the small strict categories;
e for all objects C,D € Cats, hom set Cats(C, D) consisting of the functors C — D;
e for each object C € Catg, identity functor id¢: C — C acting as the identity on objects
and on morphisms;
e for all morphisms F': C — D and G: D — & in Cats, composite functor GF: C — &
sending
— an object x € C to the object G(F(z)) € &;
— a morphism f: z — y in C to the morphism G(F(f)): G(F(z)) = G(F(y)) in &.
This is a well-defined strict category (Exercise).
Similarly, there is a huge strict category CAT; of (large) strict categories and functors.

Remark 1.17. The strict category Cats of small strict categories and functors defines an object
of CAT;. As for the other examples, the strict category Cats is locally small, but not small.

Construction 1.18. Given a strict category C, there is a strict category C°P, called the
opposite strict category of C, with

e object set Ob(C);
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e for all objects x,y € C, hom set
CP(x,y) = C(y, v);
given a morphism f: y — z in C, we write f°P: x — y for the corresponding morphism
in C°P;
e for each object = € C, identity morphism (id,)°P;
e for all morphisms f°P: x — y and ¢°P: y — z in C°P, composite morphism
gPo fP = (fog)P:z— 2.

This is a well-defined strict category (Exercise).

Remark 1.19. A contravariant functor from C to D is a functor F': C°P — D. It consists of

e a function Ob(C) — Ob(D) sending an object x € C to an object Fx € D;
e for all objects x,y € C, a function C(z,y) — D(Fy, Fx) sending a morphism f: z — y
in C to a morphism Ff: Fy — Fx in D;
satisfying the following axioms:

e [ preserves identities;
e [ preserves compositions: for all morphisms f: z — y and g: y — z in C,

F(gof)=FfoFy.
Construction 1.20. Let C be a locally small strict category and ¢ € C be an object. There
is a functor
C(—,c): C? — Set,
called the representable functor at c, sending:
e an object x € C to the (small) set of morphisms C(z, ¢);
e a morphism f: z — y in C to the function
[riCly,e) = Clx,c), (9:y— ) (9fra—0).

This is a well-defined functor (Exercise).

1.4. Natural transformations between functors

Definition 1.21. Given functors F,G: C — D between strict categories, a natural trans-
formation «: F = G consists of:

e for each object x € C, a morphism «,: Fx — Gx in D, called the component of « at x;
satisfying the following axiom:

e « is natural: for each morphism f: x — y in C, the following square commutes
Qg
Fer— Gz

ol e

Fy—— Gy
Y

ie, Gfoa, =ayoFf.

Construction 1.22. Let C be a locally small strict category and f: ¢ — d be a morphism
in C. There is a natural transformation

C(—, f):C(—,c) = C(—,d)
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whose component at an object = € C is the function

fe: C(z,0) = C(x,d), (g:xz—c)— (fg:z—d).
This is well-defined (Exercise).
Definition 1.23. Given functors F,G: C — D between strict categories, a natural trans-
formation a: F' = G is a natural isomorphism if, for each object x € C, its component
g Fr — Gz is an isomorphism in D.

We sometimes say that, for all objects « € C, there is an isomorphism Fz = Gz which is
natural in z.

Construction 1.24. Given strict categories C and D, there is a strict category Fun(C, D),
called the functor strict category, with

e object set Ob(Fun(C,D)) := CAT,(C, D) consisting of the functors C — D;

e for all objects F, G € Fun(C, D), hom set Fun(C, D)(F, G) consisting of the natural trans-
formations F' = G

e for each object F' € Fun(C, D), identity natural transformation idp: F = F having
component at an object ¢ € C given by

(idp)e :==idp.: Fe — Fe;

e for all morphisms a: F = G and : G = H in Fun(C, D), composite natural trans-
formation S o «a: F' = H having component at an object ¢ € C given by the composite

(Boa)e = Pc0ae: Fc — He.
This is a well-defined strict category (Exercise).

Proposition 1.25. Given strict categories C and D, a natural transformation is an isomor-
phism in Fun(C, D) if and only if it is a natural isomorphism.

Proof. Exercise. O

Construction 1.26. The terminal strict category is the strict category [0] with a single
object * and a single morphism id,.

Proposition 1.27. Given a strict category C, there is an isomorphism of strict categories
Fun([0],C) =C
which is natural in C.

Proof. Exercise. 0

Remark 1.28. As a consequence of this result, we have that an object ¢ € C corresponds to
a unique functor c¢: [0] — C, which we also call c.

Construction 1.29. Given a functor F': C — D between strict categories and a strict
category &, there is a functor

F*: Fun(D, &) — Fun(C, &),
called the precomposition functor with F', sending

e a functor G: D — £ to the composite GF': C — &;
e a natural transformation o: G = H between functors G, H: D — £ to the natural trans-
formation ap: GF = HF whose component at an object « € C is the morphism in £

apy: G(Fzr) — H(Fx).



LECTURE NOTES: SYNTHETIC CATEGORY THEORY 11

There is also a functor
F,: Fun(&,C) — Fun(&, D),
called the postcomposition functor with F, sending
e a functor G: £ — C to the composite F'G: & — D;
e a natural transformation «: G = H between functors G, H: £ — C to the natural trans-
formation Fa: FG = FH whose component at an object z € £ is the morphism in D
F(ag): F(Gx) — F(Hz).

These are well-defined functors (Exercise).

2. YONEDA LEMMA

We now turn to one of the fundamental results of category theory, the Yoneda lemma.
An important consequence of this result is that an object in a strict category is determined,
up to isomorphism, by its representable functor. Hence we can understand an object (up to
isomorphism) through its relationships with other objects. It also highlights the central role
of the strict category Set in strict category theory. For instance, we can detect isomorphisms
in a strict category by proving that certain functions between sets are bijections.

Theorem 2.1 (Yoneda lemma). Let C be a locally small strict category. For all objects ¢ € C
and functors F': C°P? — Set, there is a bijection

Fun(C°P, Set)(C(—,¢), F) = Fec
which is natural in both ¢ and F'.

Proof. Evaluation at the identity morphism defines a function
Fun(C°?,Set)(C(—,¢),F) — Fe, (a:C(—,c) = F) — ac(id.),
where a.: C(c,c) — Fec is the function given by the component of « at c.
Next, consider the function
Fc— Fun(CP,Set)(C(—,¢), F), ur ay

sending an element u € Fc to ay,: C(—,c¢) = F with component at an object x € C given by
the function
()z: C(z,c) » Fz, (f:xz—c)— Ff(u),
where F'f: Fc — Fz is the function given by the image of f under F'. This is a well-defined
natural transformation (Exercise).
These functions are mutually inverse and natural in ¢ and F' (Exercise). O

Construction 2.2. Let C be a locally small strict category. There is a functor
yc: C — Fun(C, Set)
called the Yoneda functor, sending

e an object ¢ € C to the representable functor C(—,c): C°P — Set;
e a morphism f: ¢ — d in C to the natural transformation C(—, f): C(—,¢) = C(—, d).

This is well-defined (Exercise).

Definition 2.3. A functor F': C — D between strict categories is fully faithful if, for all
objects z,y € C, the induced function

C(x,y) = D(Fz, Fy)

is a bijection.
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Corollary 2.4. Let C be a locally small strict category. The Yoneda functor
yc: C — Fun(CP, Set)
1s fully faithful.
Proof. Exercise. 0

Proposition 2.5. Let F': C — D be a fully faithful functor. Then F' reflects isomorphisms,
i.e., if f is a morphism in C such that F'f is an isomorphism in D, then f is an isomorphism
in C.

Moreover, two objects x,y € C are isomorphic if and only if their images Fx, Fy € D are
isomorphic.

Proof. Exercise. (]

Corollary 2.6. Let C be a locally small strict category. The following are equivalent for a
morphism f:c—d in C.
(i) The morphism f is an isomorphism in C.
(i) For all objects x € C, the induced function
fe: C(z,¢) = C(x,d)

s a bijection.
(iii) For all objects x € C, the induced function

fr:C(d,x) = C(c,x)
1s a bijection.

Proof. Since the Yoneda functor yc: C — Fun(C°P, Set) is fully faithful, it preserves and
reflects isomorphisms. Hence the morphism f: ¢ — d is an isomorphism in C if and only if
the natural transformation C(—, f): C(—,¢) = C(—,d) is an isomorphism in Fun(C°P, Set).
By Proposition [I.25] this holds if and only if it is a natural isomorphism, i.e., for every
object x € C, the induced function

fe: C(z,¢) = C(z,d)

is a bijection. This proves that (i) and (ii) are equivalent.

Next, observe that f is an isomorphism in C if and only if f°P: d — ¢ is an isomorphism
in C° (Exercise). Then the equivalence between (i) and (ii) for C°P implies that f°P is an
isomorphism in C°P if and only if, for every object x € C, the induced function

P=f"CP(x,d) =C(d,x) = C(c,x) = CP(x,c)
is a bijection. This proves that (i) and (iii) are equivalent. O

Corollary 2.7. Let C be a locally small strict category. Two objects x,y € C are isomorphic
if and only if their representable functors C(—,xz) and C(—,y) are naturally isomorphic.

Proof. This follows from the preceding proposition applied to the fully faithful Yoneda func-
tor, together with Proposition [1.25 O



LECTURE NOTES: SYNTHETIC CATEGORY THEORY 13

3. ADJUNCTIONS AND EQUIVALENCES

We now turn to two important concepts in strict category theory, namely adjunctions and
equivalences. Adjunctions provide a way to describe universal constructions and organize
them into functors. Equivalences express when two strict categories should be thought of as
being the “same”.

From a categorical point of view, two isomorphic objects should be interchangeable, even
if they are not equal. However, an isomorphism of strict categories requires a bijection
between the sets of objects, making it too restrictive for this purpose. Equivalences provide
a weakening of the notion of isomorphism between strict categories and capture the intended
notion of sameness: they detect objects only up to isomorphism, rather than up to equality.

A fundamental difficulty with the set-theoretic description of strict categories is that equal-
ity and isomorphism of objects remain distinct notions. Consequently, properties and con-
structions can depend on literal equalities between objects and fail to be well-behaved with
respect to isomorphisms. We will illustrate this with examples of properties and construc-
tions that are not invariant under replacing objects by isomorphic ones or strict categories
by equivalent ones. Further examples will appear in the following sections.

The synthetic approach will address this foundational issue by not allowing a distinction
between equality and isomorphism of objects, so that invariance under isomorphism is built
into the theory. Similarly, the appropriate notion of isomorphism between synthetic categories
will generalize that of an equivalence between strict categories.

3.1. Adjunctions
Definition 3.1. Given strict categories C and D, an adjunction between C and D consists of:

a functor L: C — D, called the left adjoint;

a functor R: D — C, called the right adjoint;

a natural transformation 7: id¢ = RL, called the unit;

a natural transformation €: LR = idp, called the counit;

such that, for all objects x € C and y € D, the following triangles commute in D and C,
respectively:

L(ny) Ry
Lr — LRLx Ry —— RLRy
M JEM M JR(%)
Lx Ry

We write L: C =2 D :R or L 4 R for such an adjunction.

Example 3.2. We have the following examples of adjunctions between strict categories.

e The free-forgetful adjunctions
(=)+: Set = Sete :U and  P_)k: Set = Vecty, :U.
e The discrete-forgetful and forgetful-indiscrete adjunctions
D:Set=Top:U and U: Top= Set :1.
See Example for the definition of the functors involved.
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Theorem 3.3 (Adjunctions representably). Given functors L: C — D and R: D — C be-
tween strict categories, there is a unit and a counit making the pair (L, R) into an adjunction
L = R if and only if, for all objects x € C and y € D, there is a bijection

D(Lz,y) = C(z, Ry)
which is natural in x and y.

Proof. Given an adjunction L - R, the unit n: id¢ = RL induces a function

D(Lz,y) & C(RLz, Ry) ™55 (2, Ry).  (g: Lz — y) — R(g) o e,

and the counit €: LR = idp induces a function

C(x, Ry) EN D(Lx, LRy) SN D(Lz,y), (f:x— Ry)w— eyoL(f).

These are mutually inverse and natural in = and y (Exercise).
Conversely, suppose that, for all objects x € C and y € D, we are given natural bijections

Py D(Lz,y) = C(z, Ry).
Define n: id¢ = RL whose component at an object x € C is given by
Ny = Yz 1e(drs): © = RLz.
Define €: LR = idp whose component at an object y € D is given by the morphism
€y = Py, (idry): LRy = y.

These are well-defined natural transformations satisfying the triangle identities (Exercise).
This proves that L 4 R is an adjunction. g

3.2. Equivalences of strict categories

Recall that a functor F': C — D between strict categories is an isomorphism in CAT; if
there is a functor G: D — C such that GF = id¢ and F'G = idp.

Since we have a notion of morphisms between functors, namely the natural transformations,
we can weaken the notion of sameness between strict categories as follows.

Definition 3.4. A functor F': C — D between strict categories is an equivalence if there
is a functor G: D — C and natural isomorphisms 7: ide = GF and ¢: FG = idp.

Example 3.5. The following classes of functors give special cases of equivalences.

e Any isomorphism in CAT; is an equivalence of strict categories.

e Given an adjunction L 4 R such that the unit and the counit are natural isomorphisms,
both L and R are equivalences of strict categories; we refer to this as an adjoint equiv-
alence.

Fact: every equivalence of strict categories can be promoted to an adjoint equivalence; see
[Riel6, Corollary 4.3.6]. We won’t use this fact in this course.

Definition 3.6. A functor F': C — D between strict categories is essentially surjective if,
for all objects d € D, there is an object ¢ € C and an isomorphism ¢: Fc¢ — d in D.

Theorem 3.7 (Fundamental Theorem). A functor F': C — D between strict categories is an
equivalence if and only if it is essentially surjective on objects and fully faithful.
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Proof. Suppose that F' is an equivalence so that we have a functor G: D — C and natural
isomorphisms 7: id¢ = GF and ¢: FG = idp. Given an object d € D, the object Gd € C
and the isomorphism in D

eq: FGd = d
provide the desired data for F' to be essentially surjective. Next, given objects z,y € C, we
show that the induced function

C(z,y) —» D(Fz, Fy)

is a bijection. Its inverse is given by the function

-1
D(Fz,Fy) = C(z,y), (g9: Fx — Fy)— (xn—z>GFx@>GFy ny—>y)

Naturality of n: id¢ = GF and €: F'G = idp implies that these functions are mutual inverses
(Exercise). This proves that F is fully faithful.
Conversely, suppose that F' is essentially surjective on objects and fully faithful. We

construct a functor G: D — C and a natural isomorphism ¢: FG = idp simultaneously.
Let d € D be an object. Since F' is essentially surjective, there is an object ¢ € C and an

isomorphism ¢: Fc = d. We set Gd = ¢ and eq = p: FGd =Ny Next, let g: x — y be a
morphism in D and consider the composite in D

—1
FGwE—I>xi>y8y—>FGy.

Since I is fully faithful, there is a unique morphism f: Gr — Gy in C with F'f = ¢ logoe,.
We set Gg = f. Then G is a well-defined functor and the isomorphisms €4 assemble into a
natural transformation (Exercise).

Finally, we construct the natural isomorphism 7: id¢ = GF. Let ¢ € C be an object.
Consider the morphism in D
epe: Fe — FGFe.
Since F' is fully faithful, there is a unique isomorphism f: ¢ = GFein C with F f= 5}2 We

set 1. := f. Then the isomorphisms 7. assemble into a natural transformation (Exercise). [

Construction 3.8. The walking isomorphism is the strict category Z := {0 = 1} with two
objects 0 and 1, whose only morphisms are the identities and mutually inverse isomorphisms
f:0—=1and f~': 1 — 0. Observe that the hom sets of Z are all singletons.

Proposition 3.9. The functor 0: [0] — Z is an equivalence of strict categories.

Proof. 1t is surjective on objects up to isomorphisms, since 0 = 1 in Z, and it is fully faithful
since, for the unique object * € [0], we have a bijection

[0](x, *) = {id,} = {ido} = Z(0,0). O

3.3. Stability under isomorphism and invariance under equivalence

As mentioned in the section’s introduction, we want to study objects in a strict category up
to isomorphism and, accordingly, strict categories up to equivalence. Some notions that we
can define at the point-set level may fail to be invariant under isomorphisms between objects
or equivalences between strict categories and are therefore unsuitable as intrinsic notions of
category theory. We call a notion iso-invariant if it is invariant under replacing an object
by an isomorphic one, and iso-sensitive otherwise. Similarly, we call a notion equiv-invariant
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if it is invariant under replacing a strict category by an equivalent one, and equiv-sensitive
otherwise. The following examples illustrate these distinctions.

Construction 3.10. The walking morphism is the strict category [1] with two objects 0
and 1, whose only morphisms are the identities and a single morphism 0 — 1.

Ezample 3.11 (Iso-sensitive notion). Let C be a strict category containing a non-identity

isomorphism f: x =N y. Consider the arrow strict category Fun([1],C), whose objects are
morphisms in C and whose morphisms are commutative squares in C. The property for an
object of Fun([1],C) to be an identity morphism in C is not stable under isomorphisms in
Fun([1],C). Indeed, we have a commutative square in C

f

—

x Yy
idz% flJ:
x x

id,

J

where both vertical morphisms are isomorphisms, which provides an isomorphism between f
and id, in Fun([1],C). However, the morphism f is not an identity morphism in C.

In the next section, we will consider universal properties for objects, which will all be
iso-invariant.
We now turn to an example of a property of a strict category that is equiv-sensitive.

Construction 3.12. Every large set S can be regarded as a strict category, also denoted
by S, with object set S and only identity morphisms.

Ezample 3.13 (Equiv-sensitive notion). Consider the property for a strict category C to be
a (large) set, i.e., all morphisms in C are identities. This property is not invariant under
equivalence of strict categories. Indeed, the functor 0: [0] — Z is an equivalence of strict
categories. However, the strict category [0] is clearly a set, whereas Z is not, as it has
non-identity morphisms f and f~1.

We will see in the exercises that the correct replacement of the property of “being a (large)
set” is that of a strict category whose hom sets are either empty or singletons and whose
morphisms are all isomorphisms.

However, if we restrict the condition above to endomorphisms, i.e., morphisms of the form
x — x, then this property becomes equiv-invariant.

Ezample 3.14 (Equiv-invariant notion). Consider the property for a strict category C that
all endomorphisms in C are identities. Unlike the one above, this property is invariant under
equivalence. Indeed, if F': C = Disan equivalence between strict categories, then, for every
object y € D, there is an object x € C together with an isomorphism f: Fx 2 y. Using that
F is fully faithful and conjugation by f, we obtain bijections

C(x,x) i>D(Fx,F:c) E>D(y,y), (9: x — ) — (foFgofflz y—y).

If all endomorphisms in C are identities, then C(x, z) = {id, }. Hence D(y, y) is also a singleton
and therefore D(y,y) = {idy,}. So all endomorphisms in D are also identities.
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4. UNIVERSAL CONSTRUCTIONS IN STRICT CATEGORIES

We now turn to universal constructions in a strict category. Rather than introducing
them in full generality, we will focus on initial and terminal objects, products, coproducts,
and pullbacks. In the synthetic setting, their counterparts will be introduced directly as
basic constructions of synthetic categories. These examples will help us become familiar with
universal properties and learn how to work with them in general.

4.1. Terminal and initial objects

Definition 4.1. Let C be a strict category.
e An object t € C is terminal if, for every object © € C, there is a unique morphism
'z —tinC.
e An object i € C is initial if, for every object x € C, there is a unique morphism !: i — x
in C.

Ezxample 4.2. The strict categories in Example have the following terminal and initial
objects.

The singleton set * is a terminal object in Set, and the empty set () is an initial one.
The singleton set * is both a terminal and an initial object in Set,.

The zero k-vector space 0 is both a terminal and an initial object in Vecty.

The singleton topological space * is a terminal object in T op, and the empty topological
space () is an initial one.

Proposition 4.3. Let C be a strict category.

o (Uniqueness) Terminal objects are unique up to a unique isomorphism, i.e., if t,t' € C
are terminal objects, then there is a unique isomorphism t = t' in C.

e (Representability) An object t € C is terminal if and only if, for every object x € C, there
is a bijection C(x,t) = *.

e (Iso-invariance) If t € C is a terminal object and t = t' in C, then t' is terminal in C.

e (Equiv-invariance) Equivalences preserve and reflect terminal objects, i.e., if F': C =D
is an equivalence between strict categories, then an object t € C is terminal if and only if
Ft € D is terminal.

Proof. We only prove iso-invariance and equiv-invariance. The rest is left as an exercise.
By Corollary an isomorphism ¢ = ¢’ in C induces, for every object x € C, a bijection

C(z,t) = C(x,t).

Hence one is a singleton if and only if the other is. This shows that ¢ is terminal if and only
if ¢’ is terminal.

Let F': C — D be an equivalence and ¢t € C be an object. Suppose first that F't is terminal
in D and let z € C be an object. Using that F' is fully faithful, we have bijections

C(x,t) 2 D(Fz, Ft) = .
This shows that ¢ is terminal in C.

Now, suppose that ¢ is terminal in C and let y € D be an object. Since F' is essentially
surjective, there is an object « € C together with an isomorphism y = Fz. Using that F is
fully faithful and Corollary we obtain bijections

* = C(z,t) =2 D(Fx, Ft) = D(y, F't).
This shows that F't is terminal in D. O
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Initial objects are dual to terminal ones in the following sense.
Proposition 4.4. An object i € C is initial in C if and only if it is terminal in C°P.
Proof. Exercise. 0
By applying Proposition to C°P, we obtain the dual results for initial objects.
Corollary 4.5. Let C be a strict category.

o (Uniqueness) Initial objects are unique up to a unique isomorphism.
e (Representability) An object i € C is initial if and only if, for every object x € C, there is
a bigection C(i,x) = .
e (Iso-invariance) If i € C is an initial object and i =i’ in C, then i’ is initial in C.
o (Equiv-invariance) Equivalences preserve and reflect initial objects.
We now prove that the strict category CAT; has a terminal and an initial object.

Proposition 4.6. The strict category [0] is a terminal object in CATs and the empty strict
category O is an initial object in CATs.

Proof. Exercise. 0
The notion of terminal object in CAT; is equiv-sensitive.

Ezxample 4.7. The functor 0: [0] — Z to the walking isomorphism Z = {0 = 1} is an equiva-
lence of strict categories. However, the strict category Z is not terminal. Indeed, there are
two different functors 0, 1: [0] — Z, selecting the objects 0 and 1, respectively.

The notion of initial object is equiv-invariant, since any strict category that is equivalent
to the empty strict category in CAT; is itself empty.

Proposition 4.8. If C is equivalent to 0, then C = ().
Proof. Exercise. 0

4.2. Products and coproducts

Definition 4.9. Let C be a strict category and ¢,d € C be objects.
e An object t € C is a product of ¢ and d if there are morphisms n.: t — c and w4: t = d
in C satisfying the following universal property: for every object x € C and all morphisms
f:x — cand g: x — d in C, there is a unique morphism (f,g): © — ¢ such that

meo(f,9) = fand mgo (f,g) =g.

X
/f, g\
¢ t
Te d

We often write ¢ x d for a product of ¢ and d. This notation always includes a choice

of canonical projections 7.: ¢ X d — c and 7g: ¢ X d — d.
e An object i € C is a coproduct of ¢ and d if there are morphisms ¢.: ¢ — i and ¢q: d — @
in C satisfying the following universal property: for every object x € C and all morphisms
f:e = x and g: d — x in C, there is a unique morphism (f,g): i — z such that

(frg)ote=fand (f,g)og=g.
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c—C it g
\jf’ ) /
x

We often write cIl d for a coproduct of ¢ and d. This notation always includes a choice
of canonical inclusions ¢.: ¢ = ¢l d and ¢4: d — cll d.

Ezxample 4.10. The strict categories in Example have the following (co)products.

o Given sets S and T, the set S x T = {(s,t) | s € S,t € T} is a product of S and T in Set,
and their disjoint union S II7T is a coproduct of S and T in Set.

e Given pointed sets (S, s) and (7, t), the pointed set (S x T, (s,t)) is a product of (5, s)
and (T,t) in Seto, and the pointed set ((SIIT)/(s ~ t),[s]) is a coproduct of (3, s) and
(T,t) in Set,.

e Given k-vector spaces V and W, their direct sum V@& W is both a product and a coproduct
of V and W in Vecty.

e Given topological spaces (X, Tx) and (Y, 7y) in Top, the product X x Y equipped with
the product topology is a product of (X, Tx) and (Y, 7y) in T op, and the topological space

(Xny{unv|UeTx,VeTy})
is a coproduct of (X, 7Tx) and (Y, 7y) in T op.

Construction 4.11. Let C be a strict category and f: ¢ — ¢, g: d — d’ be morphisms in C.

e If ¢ x d and ¢ x d' are products of ¢, d and ¢/, d’, respectively, then by the universal
property of the product ¢’ x d’, there is a unique morphism f x g: ¢ x d — ¢ x d’ making
the following diagram commute.

e T

c cxXd d

fl fxyi Jg

/ / ' '
CTCXde

e If cll d and ¢ I1 d' are coproducts of ¢, d and ¢/, d’, respectively, then by the universal
property of the coproduct cIld, there is a unique morphism fIlg: cIld — ¢ IId’ making
the following diagram commute.

Le Ld

c clld d

fl ngi Jg

c — dId —— ” d

Proposition 4.12. Let C be a strict category and c,d € C be objects.

e (Uniqueness) Binary products are unique up to a unique isomorphism commuting with the
canonical projections, i.e., if t,t' € C are products of ¢ and d with canonical projections
Teit = ¢, mg:t —dandw,:t' — ¢, w): t' — d, there is a unique isomorphism @: t =t/
such that 7,0 p = m. and o p = m4.

e (Representability) An object t € C is a product of ¢ and d if and only if, for every object
x € C, there is a bijection

C(x,t) = C(x,c) x C(x,d)
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which is natural in x.
e (Products with terminal objects) If d is terminal in C, then ¢ is a product of ¢ and d.
e (Iso-invariance) If t is a product of ¢ and d in C and t = t' in C, then t' is a product of ¢

and d in C.
e (Equiv-invariance) Equivalences preserve and reflect binary products.

Again coproducts are dual to products in the following sense.

Proposition 4.13. Let C be a strict category and c,d € C be objects. An object i € C is a
coproduct of ¢ and d in C if and only if it is a product of ¢ and d in C°P.

Proof. Exercise. O
By applying Proposition to C°P, we obtain the dual results for binary coproducts.
Corollary 4.14. Let C be a strict category and c,d € C be objects.

e (Uniqueness) Binary coproducts are unique up to a unique isomorphism commuting with
the canonical inclusions.

(Representability) An object i € C is a coproduct of ¢ and d if and only if, for every object
x € C, there is a bijection

C(i,x) =2 C(e,x) x C(d, x)

which is natural in x.
(Coproducts with initial objects) If d is initial in C, then c is a coproduct of ¢ and d.
(Iso-invariance) If i € C is a coproduct of ¢ and d and i =i’ in C, then i’ is a coproduct

of c and d in C.
(Equiv-invariance) Equivalences preserve and reflect binary coproducts.

We now prove that the strict category CAT; has all binary products.

Construction 4.15. Let C and D be strict categories. There is a strict category C x D with
e object set Ob(C) x Ob(D), i.e., objects are pairs (¢, d) of objects ¢ € C and d € D;
e for all objects (¢,d), (¢/,d") € C x D, hom set
(C x D)((c,d), (c,d)) :==C(c,) x D(d,d"),
i.e., morphisms (¢,d) — (¢/,d’) in C x D are pairs (f, g) of morphisms f: ¢ — ¢’ in C and
g:d—d in D;
e for each object (c,d) € C x D, the identity morphism id. 4y = (id¢,idg): (¢,d) — (¢, d);
e for all morphisms (f,g): (¢,d) — (¢,d') and (f',¢"): (¢,d) — (",d") in C x D, the
composite morphism (f’,¢’) o (f,g) = (f' o f,g' og): (c,d) — (¢",d").
This is a well-defined strict category. It comes with canonical projections n¢: C x D — C and
mp: C x D — D given by projecting onto the first and second components, respectively.

Proposition 4.16. Let C and D be strict categories. The strict category C X D constructed
above is a product of C and D in CAT;.

Proof. Exercise. O
The construction of products in CAT; is equiv-invariant.

Proposition 4.17. Let F': C — C' and G: D — D' be equivalences of strict categories. Then
the induced functor F x G: C x D — C' x D' between their products is also an equivalence.

Proof. Exercise. O
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We now prove that the strict category CAT, has all binary coproducts.

Construction 4.18. Let C and D be strict categories. There is a strict category C II D with

e object set Ob(C) L1 Ob(D);
e for all objects z,y € C LI D, hom set

Clz,y) ifz,yeC
(CID)(x,y) = D(x,y) ifx,yeD
0 else

e identity morphisms those of C and D;
e composite morphisms those of C and D.

This is a well-defined strict category. It comes with canonical inclusions ¢(¢: C — C II D and
tp: D — CIID given by inclusion into the first and second summands, respectively.

Proposition 4.19. Let C and D be strict categories. The strict category C 11 D constructed
above is a coproduct of C and D in CAT;.

Proof. Exercise. O
The construction of coproducts in CAT; is equiv-invariant.

Proposition 4.20. Let F': C — C' and G: D — D' be equivalences of strict categories. Then
the induced functor FIIG: CII'D — C'II D’ between their coproducts is also an equivalence.

Proof. Exercise. 0

4.3. Pullback squares

Definition 4.21. Let C be a strict category and f: ¢ — e and ¢g: d — e be morphisms in C.
An object t € C is a pullback of f and g if there is a commutative square in C

t d
I}
C e

satisfying the following universal property: for every object € C and every commutative
square in C

Td

J

J

f

}v

d
g
e

=
o8

J

f

there is a unique morphism (h, k): © — t such that m. o (h,k) = h and wgo (h, k) = k.

We often write ¢ X, d for a pullback of f and g. This notation always includes a choice of
canonical projections m.: ¢ X, d — c and 7g: ¢ X d — d.

We often say that a commutative square, as below, is a pullback square if it satisfies the
universal property of the pullback of f and g, and denote this by decorating the square with
the symbol J in the top left corner.
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—_

T d
i
lg

—e
f

Te

O 4——

Ezxample 4.22. The strict category Set has the following pullbacks. Given functions f: S — U
and g: T — U of sets, a pullback of f and ¢ in Set is given by the subset of S x T

SxyT ={(s,t)| f(s)=gt)} TS xT.

Construction 4.23. Let C be a strict category and consider a commutative diagram in C

N P S

[

C/ f/ N el ¢ - d/

If ¢ X, d and ¢ X d' are pullbacks of f, g and f’, ¢', respectively, then by the universal
property of the pullback ¢’ x d’, there is a unique morphism h x; k: ¢ X.d — ¢ X d’ making
the following diagram commute.

e T4
C+——cXed—d

|
hJ hx ki Jk
|

/ / ! !
c TC Xeld Td

Proposition 4.24. Let C be a strict category and f: ¢ — e and g: d — e be morphisms in C.

o (Uniqueness) Pullbacks are unique up to a unique isomorphism commuting with the canon-
ical projections.

o (Representability) An object t € C is a pullback of f and g if and only if, for every object
x € C, there is a bijection

C(.’E,t) = C(.’IJ, C) XC(x,e) C(il), d)

which is natural in x, where the right-hand side is the pullback of the functions fi: C(x,c) —
C(z,e) and g.: C(x,d) — C(x,e€).
e (Products as pullbacks) If e is terminal in C, then an object t € C is a pullback of the
unique morphisms f =!: ¢ — e and g =!: d — e if and only if it is a product of ¢ and d.
o (Iso-invariance) If t € C is a pullback of f and g and t =t in C, then t' is a pullback of
f and g inC.

o (Equiv-invariance) Equivalences preserve and reflect pullbacks.
We also have the following useful properties of pullback squares.

Proposition 4.25 (Pullback cancellation). Let C be a strict category and consider a com-
mutative diagram in C,
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S g t i d
_
pJ WCJ Jh
b 7 c 7 e

where the right-hand square is a pullback square. Prove that the left-hand square is a pullback
square if and only if the outer rectangle is a pullback square.

Proof. Exercise. O

Proposition 4.26. Let C be a strict category and consider a commutative diagram in C,

C/ N d/

% F

c——d
where the vertical morphisms are isomorphisms. Then the square is a pullback square.
Proof. Exercise. O
We now prove that the strict category CAT; has all pullbacks.
Construction 4.27. Let F': C — £ and G: D — & be functors of strict categories. There is

a strict category C xg¢ D with
e object set Ob(C) xop(g) Ob(D), i.e., objects are pairs (c,d) of objects ¢ € C and d € D
such that F'c = Gd in &;
e for all objects (¢, d), (¢/,d') € C xg D, hom set
(C xe D)((C7 d)a (C/7 d/)) = C(C7 C/) XE(Fe,Fe) D(dv d/)a
i.e., morphisms (¢,d) — (¢, d’) are pairs (f, g) of morphisms f: ¢ — ¢ inC and g: d — d’
in D such that F'f = Gg in &;
e for each object (c,d) € C x¢ D, the identity morphism id gy = (id¢,idq): (¢,d) — (¢, d);
e for all morphisms (f,g): (¢,d) — (¢,d') and (f',¢'): (¢,d') = (¢',d") in C x¢ D, the
composite morphism (f',¢") o (f,g) = (f'o f,¢' 0 g): (¢,d) — (¢",d").
This is a well-defined strict category. It comes with canonical projections w¢: C xg D — C
and mp: C Xg D — D given by projecting onto the first and second components, respectively.

Proposition 4.28. Let F: C — & and G: D — & be functors of strict categories. The strict
category C xg D constructed above is a pullback of F' and G in CAT;.

Proof. Exercise. O
Unlike products, the construction of pullbacks in CAT; is equiv-sensitive.

Example 4.29. We have the following pullback squares in CAT;

0= [0 p— o
mml lmm !J Jl
0> 0 0 ——71
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where Z = {0 = 1} is the walking isomorphism. Moreover, there is a commutative diagram
of functors

—— [0] «—
ld[()] ld[o]
such that all vertical functors are equivalences, but the induced functor between their pull-
backs
0 = [0] xz [0] — [0] x[g) [0] == [0]

is not an equivalence.

5. SUBCATEGORIES, LOCALIZATIONS, AND STRICT GROUPOIDS

We now introduce strict groupoids, namely strict categories whose morphisms are all iso-
morphisms. They generalize sets, regarded as strict categories with only identity morphisms,
by allowing objects to be related by isomorphisms and to have nontrivial automorphisms.
Thus, a strict groupoid records not only which objects are isomorphic, but also the isomor-
phisms between them.

In the synthetic setting, the counterparts of the notion of strict groupoids will be basic
objects of the theory, playing the role traditionally played by sets. The goal of this section
is to construct the strict category of strict groupoids, its canonical inclusion into C ATy, and
both a left and a right adjoint to this inclusion.

5.1. Subcategories
Definition 5.1. A functor F': C — D between strict categories is
e faithful if, for all objects z,y € C, the induced function C(z,y) — D(F'z, Fy) is injective;
e full if, for all objects z,y € C, the induced function C(z,y) — D(Fz, Fy) is surjective.
Remark 5.2. Observe that a functor is fully faithful precisely when it is both full and faithful.

Let us fix a strict category C.

Definition 5.3. A functor D — C is a strict subcategory inclusion, denoted by D C C,
if it is injective on objects and faithful. We call D a strict subcategory of C if there is a
strict subcategory inclusion D C C.

Remark 5.4. The data of a strict subcategory D of C can be given by specifying
e a subset Ob(D) C Ob(C) of objects;
e for all objects x,y € D, a subset D(x,y) C C(x,y) of morphisms;
satisfying the conditions:
e identity morphisms are in D: for every object = € D, the identity id, is in D(z, z);
e morphisms in D are closed under composition: if f € D(x,y) and g € D(y, z), then their
composite go f in C is in D(z, z).

The notion of a strict subcategory is equiv-sensitive.

Ezample 5.5. Recall that the functor 0: [0] — Z and the unique functor Z — [0] are equiv-
alences of strict categories, where Z = {0 = 1} is the walking isomorphism. The identity
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functor idy: [0] — [0] is a strict subcategory inclusion, but 7 =5 [0] is not. Moreover, the
inclusion (0, 1): [0] IL [0] — Z is a strict subcategory inclusion, but the composite

(0] 1L [0] = Z = [0]
is not.

Definition 5.6. A strict subcategory inclusion I: D < C is full if the functor I is full. We
call D a full strict subcategory of C if there is a full strict subcategory inclusion I: D — C.

Remark 5.7. The data of a full strict subcategory D of C can be given by specifying a subset
Ob(D) C Ob(C) of objects only. Indeed, we then take the subsets of hom sets consisting of
all morphisms and the conditions from Remark are then automatically satisfied. We say
that D is the full strict subcategory of C spanned by the objects in Ob(D).

Definition 5.8. A strict subcategory D C C is wide if it contains all isomorphisms of C.

Remark 5.9. Since a wide strict subcategory contains all isomorphisms of (', it contains in
particular all identity morphisms and so all objects of C. Hence, the data of a wide strict
subcategory D of C can be given by only specifying a subset of the morphisms of C which is
closed under composition.

5.2. Localizations

Definition 5.10. Let C be a strict category and W C CAT,([1],C) be a subset of morphisms
of C. A strict category D is a localization of C at W if there is a functor «v: C — D which
sends morphisms in W to isomorphisms in D and satisfies the following universal property:
for every strict category £ and every functor F: C — & which sends morphisms in W to
isomorphisms in &, there is a unique functor F: D — £ such that F oy = F.

P
WJ e
OF
D
We call the functor v: C — D the localization functor.

We now show that localizations exist by constructing an explicit strict category satisfying
the universal property. We may assume that W contains all identity morphisms, since adding
them does not change the universal property.

Construction 5.11. Let C be a strict category and W C CAT;([1],C) be a subset of mor-
phisms of C containing the identity morphisms and closed under composition, i.e., if f,g € W,
then gf € W. There is a strict category C[W ~!] whose
e object set is Ob(C);
e for all objects =,y € C, hom set C[W~1](z,y) is the large set of equivalence classes of
finite zigzags

w w n
x:coécgf—l)cl%zcllf—zm..&c%_lf—n>cn:y

where n > 0, wy,...,w, € W and fi,..., f, are morphisms in C modulo the relations:
— identity morphisms pointing forwards or backwards may be removed or added;
— adjacent morphisms pointing forwards may be composed in C;
— adjacent pairs z — y <= x or y <= & — y with w € W may be removed;
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e identities are given by length 0 zigzags;
e composites are given by concatenation.

This is a well-defined strict category (Exercise).
It comes with a functor : C — C[W~!] which

e acts as the identity on objects;
e sends a morphism f: x — y in C to the zigzag

id

This is a well-defined functor (Exercise).

Proposition 5.12. The strict category C[W 1] together with the functor v: C — C[W 1] is
a localization of C at W.

Proof. Exercise. O

Remark 5.13. Let C be a strict category and W C CAT([1],C) be a subset of morphisms of C.
Consider the smallest subset W C CAT,([1],C) containing W, the identity morphisms of C,
and closed under composition. Then the strict category C [Wﬁl] together with the functor
v:C — C[Wﬁl] is a localization of C at W. This shows that all localizations exist in CATs.

Ezample 5.14. Consider the strict category C = {0 5 1 5 0| rs = idg} with two objects 0
and 1, and whose morphisms are idg, id;, s: 0 — 1, r: 1 — 0, and sr: 1 — 1, subject to
the relation rs = idg. Then inverting the morphism s in C yields an isomorphism of strict
categories C[{s}~1] = T with the walking isomorphism Z. Indeed, in the localization C[{s}~!],
we have

r=rss =gt

since rs = idg. Thus r and s become mutual inverses.

5.3. Strict groupoids

Definition 5.15. A strict groupoid is a strict category G in which every morphism is an
isomorphism.

We denote by Gpd the full strict subcategory of Cats spanned by the small strict groupoids,
and by GPD; the huge full strict subcategory of CAT, spanned by the strict groupoids.

Construction 5.16. The underlying strict groupoid of a strict category C is the strict
subcategory of C given by the strict groupoid C~ whose

e objects are the objects of C;

e morphisms z — y are the isomorphisms z — y in C.
This is a well-defined strict subcategory (Exercise).
Remark 5.17. The underlying strict groupoid C~ of a strict category C is a wide strict sub-
category of C. Moreover, every wide strict subcategory of C contains C~.
Construction 5.18. There is a functor (—)~: Cats — Gpds sending

e a small strict category C to its underlying strict groupoid C~;
e a functor F': C — D in Cat, to the induced functor F~: C~ — D~ obtained by restrict-
ing F' to underlying strict groupoids. Since F' preserves isomorphisms, this is well-defined.

This is a well-defined functor (Exercise).
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Proposition 5.19. The inclusion ¢: Gpds C Cats and the underlying strict groupoid functor
form an adjunction
t: Gpds = Cats : (—)~.

Proof. Exercise. O

Proposition 5.20. Let C be a strict category and W := CAT,([1],C) be the set of all mor-
phisms in C. The localization TIC = C[W 1] of C at W is a strict groupoid, called the
groupoidification of C. We denote its localization functor by ~¢: C — 1IC.

Proof. Considering the construction C[W ~!] from before, it suffices to prove that each zigzag
is an isomorphism. However, this follows from taking the reversed zigzag with morphisms
pointing in the opposite direction. O

Construction 5.21. There is a functor 1I: Cats — Gpds sending

e a small strict category C to its groupoidification IIC;
e a functor F': C — D in Cat, to the unique functor II1F := vp o F': IIC — IID

given by the universal property of the localization ~¢: C — IIC, using that the composite
vp o F': C — IID sends all morphisms in C to isomorphisms in IID.

This is a well-defined functor (Exercise).

Proposition 5.22. The groupoidification functor and the inclusion v: Gpds C Cats form an
adjunction
IT: Cats = Gpds :¢.

Proof. Exercise. Prove this using the universal property of the groupoidification, as a local-
ization at all morphisms. g

6. DISCRETE RIGHT FIBRATIONS AND CARTESIAN FIBRATIONS

As we have seen with the Yoneda lemma, set-valued functors play a central role in strict
category theory. In particular, asking when a set-valued functor is naturally isomorphic to
a representable one gives rise to universal constructions, such as terminal objects, products
and pullbacks.

Definition 6.1. Let C be a locally small strict category. A functor F': C°°? — Set is repre-
sentable if there is an object ¢ € C and a natural isomorphism C(—, c) = F. We say that the
object ¢ represents the functor F' or that the functor F' is represented by the object c.

Ezxample 6.2. Given a locally small strict category C, we have seen the following examples.

e An object in C is terminal if and only if it represents the functor cst(x): C°? — Set
constant at the singleton set; see Proposition

e Given objects ¢,d € C, an object in C is a product of ¢ and d if and only if it represents
the functor C(—,¢) x C(—,d): C°? — Set; see Proposition [4.12]

e Given morphisms f: ¢ — eand g: d — e in C, an object in C is a pullback of f and g if and
only if it represents the functor C(—,c) X¢(— ) C(—,d): C°? — Set; see Proposition
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Discrete left/right fibrations provide another way to encode set-valued functors. In the
synthetic setting, we will describe the counterparts of set-valued functors exclusively through
left/right fibrations, and the whole theory of representability will be developed in this lan-
guage. We introduce the strict notion here to build intuition for this approach.

We will also discuss cocartesian/cartesian fibrations of strict categories, which play a similar
role for functors valued in strict categories. The correspondence with such functors is not quite
as straightforward because of the strictness of the setting, but this difficulty will disappear
when we pass to the synthetic setting. There, (co)cartesian fibrations will encode category-
valued functors and will in fact be used to define the category of categories itself. They will
play a central role in the theory and provide tools for many constructions.

6.1. Discrete right fibrations

We focus on discrete right fibrations, but everything can be dualized to discrete left fibra-
tions via the opposite functor (—)°?: CATs — CATs.

Definition 6.3. A functor P: £ — C between strict categories is a discrete right fibration
if, for every object y € £ and every morphism f: ¢ — Py in C, there is a unique morphism
f:x —yin £ such that Pf = f. We call f a P-lift of f.

Construction 6.4. Let C be a strict category and F': C°? — Set be a functor. We construct
a strict category [ ¢ F, called the category of elements or Grothendieck construction
of F', whose
e objects are pairs (¢, z) of an object ¢ € C and an element z € F¢;
e morphisms (¢,z) — (d,y) are morphisms f: ¢ — d in C such that x = Ff(y), where
Ff. Fd — Fcis the function given by the image of f under F
e identities and composites are given by those in C.

This is a well-defined strict category. It comes with a functor 7% : / ‘F ¢ given by
projecting onto the first component, called the canonical projection.

Proposition 6.5. Let C be a strict category and F': CP — Set be a functor. The functor
aiE ch —C
s a discrete right fibration.

Proof. Let (d,y) be an object in fc F and f: ¢ — d be a morphism in C. Then the unique
mFlift of f with target (d,y) is f: (¢, Ff(y)) — (d, ). O

Ezample 6.6. Let C be a locally small strict category and ¢ € C be an object. Take F' to be
the representable functor C(—,c¢): C°? — Set. We write

C
C/c = f C(—,C)
and refer to it as the slice strict category over c. Unpacking the definition, it is the strict
category whose

e objects are pairs (z, f) of an object € C and a morphism f: z — ¢ in C;
e given objects (z, ), (y,g) € C/., morphisms (z, f) — (y,g) are morphisms h: xz — y in C
such that gh = f;
e identities and composites are given by those in C.
We call the canonical projection 7¢ = 7¢(—©)
fibration at c.

: C/. — C the representable discrete right
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Proposition 6.7. Let C be a strict category. If t € C is a terminal object, then C;, = C.
Proof. Exercise. O

Definition 6.8. A discrete right fibration P: £ — C has small fibers if, for every object
c € C, the fiber & = {z € £ | Px = ¢} is a small set.

Construction 6.9. Let C be a strict category and P: £ — C be a discrete right fibration
with small fibers. There is a functor

TP CP — Set
sending:
e an object ¢ € C to the fiber & = {x € £ | Pz = c};

e a morphism f: ¢ — d in C to the function & — & sending an element y € &; to the
element = € &., where f: x — y is the unique P-lift of f with target y.

This is a well-defined functor (Exercise).

Proposition 6.10. Let C be a strict category and P: £ — C be a discrete right fibration with
small fibers. There is an isomorphism of strict categories over C

frp=eg
where “over C” means that it commutes with the canonical projection © ¥ and the functor P.

Proof. There is a functor [ €rpP7 - € over C sending

e an object (¢,z) € fc'—P—' to the object z € &;

e a morphism f: (¢,z) — (d,y) in fch1 to the unique P-lift f:  — y of f with target y.
This is a well-defined functor over C (Exercise). Moreover, it is an isomorphism of strict
categories with inverse functor & — [ €rp7over C sending

e an object x € £ to the object (Px,x) € fc'—P—';

e a morphism f: x — y in £ to the morphism Pf: (Pz,z) — (Py,y) in fc'—P—'.

This is a well-defined functor over C and forms an inverse of the above functor, so that
fc'—P—' = & over C. This concludes the proof. 0

Notation 6.11. Let us denote by DRFib(C) the full strict subcategory of the slice CAT ¢
spanned by the discrete right fibrations with small fibers.

Construction 6.12. Let C be a strict category, F,G: C°? — Set be functors, and a: F' = G
be a natural transformation. There is a functor

[Ca: [CF= ‘G
sending:
e an object (c,z) € fc F to the object (¢, ac(z)) € fc G, where we recall that a.: Fc — Gc
is the function given by the component of « at c;
e amorphism f: (¢,z) = (d,y) in fc F' to the morphism f: (¢, ac(z)) = (d,aq(y)) in fc G,
this is well-defined as G'f (aq(y)) = ac(F f(y)) = a.(x) using naturality of c.

This is a well-defined functor and 7% o [ “a=rxF (Exercise).
Construction 6.13. Let C be a strict category. There is a functor
J€: Fun(CoP, Set) — CAT; ¢

sending
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e a functor F': C°? — Set to the functor 7f": fc F — C;
e a natural transformation a: F' = G in Fun(C°P, Set) to the functor fc a: fc F— fc G
over C.
This is a well-defined functor (Exercise).

Theorem 6.14. The functor fc: Fun(CP, Set) — CAT; ¢ is fully faithful and restricts to
an equivalence of strict categories

[€: Fun(C®P, Set) = DRFib(C).

Proof. We first show that [ < Fun(CP, Set) — CAT; ¢ is fully faithful. Given functors
F,G: C°? — Set, we show that the induced function

Fun(CP, Set)(F,G) — CAT,,c(f°F, [€G), aw [Ca
is a bijection.

Given natural transformations «,3: F = G such that [ Ca = J € B, for every object
(c,x) € fc F, we have (¢, ac(z)) = (¢, Be(x)). Hence, for every object ¢ € C, we have a, = f3,
and so a = . This proves injectivity.

Now, given a functor H : fc F — fc G over C, for every object (c,z) € fc F, we have that
H(c,z) = (¢, Ha2(c,x)). Define a natural transformation a: F' = G by setting a.: Fc — Gc
to be the function sending = € Fe¢ to a.(x) = Ha(c,z), where H(c,z) = (¢, Hy(c,z)). By
functoriality of H, this is natural (Exercise). Moreover, we have that [ “a = H. This proves
surjectivity.

Then [ € restricts to the full strict subcategory DRFib(C) of the slice CAT; ¢ as every
. / CF - Cis a discrete right fibration by Proposition In particular, the restriction

is again fully faithful. The fact that it is an equivalence then follows from Proposition [6.10)
where we proved that it is essentially surjective. ([l

Proposition 6.15. Let C be a locally small strict category and ¢ € C be an object. Then the
object (c,id.) € C. is terminal.

Proof. Exercise. U

Theorem 6.16 (Representation Theorem). Let C be a locally small strict category. A functor
F: C°P — Set is representable if and only if the strict category fc F has a terminal object.

Proof idea. If an object ¢ € C represents F via a natural isomorphism a: C(—,¢) = F, then
the induced object (¢, ac(id.)) € [, F' is terminal.

Conversely, if (c,u) € fc F' is a terminal object, then the induced natural transformation
ay: C(—,c) = F (see Theorem is a natural isomorphism.

Details are left as an exercise. ([l

Theorem 6.17 (Pointwise formula for adjoints). Let L: C — D be a functor between locally
small strict categories. Then L admits a right adjoint R: D — C if and only if, for every
object d € D, the strict category fc D(L—,d) has a terminal object, where D(L—,d) is the

composite

D(L—,d): ¢ £25 por P4

Proof. Suppose that L admits a right adjoint R: D — C. Then we have bijections
C(c, Rd) = D(Lc,d)
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natural in ¢ € C and d € D. By applying the functor f C, we get an induced isomorphism of
strict categories fc D(L—,d) = fCC(—,Rd) = C/pq and so fc D(L—,d) admits a terminal
object by Proposition [6.15

Conversely, suppose that, for every object d € D, the strict category [ ¢ D(L—,d) has a
terminal object. We construct the right adjoint R: D — C as follows. By the Representation
Theorem (Theorem [6.16]), the functor D(L—,d) is representable. We set Rd € C to be a
representing object and the natural isomorphism C(—, Rd) = D(L—, d) gives bijections

C(c, Rd) = D(Le, d)

which are natural in ¢ € C. Given a morphism g: d — e in D, consider the composite of
natural transformations

(6.18) C(—,Rd) = D(L—,d) Z> D(L—,e) = C(—, Re).

Using that the Yoneda functor yc: C — Fun(C°P, Set) is fully faithful, we set Rg to be the
unique morphism Rg: Rd — Re in C such that the natural transformation

(Rg)«: C(—, Rd) = C(—, Re)

is equal to the composite (9.54]). By uniqueness of these morphisms, this makes R into a
functor. Moreover, by construction, the bijections

C(c, Rd) = D(Le, d)
are also natural in d € D. O

Ezample 6.19. Let us apply this result to (—)4: Set — Set, to show that it is a left adjoint.
For every pointed set (7',t), then [ Set Sete((—)+, (T, 1)) is the strict category whose

e objects are pairs (5, f) of a set S and a basepoint-preserving function f: Sy — (7',1);

e morphisms (S, f) — (9, f') are functions g: S — S’ such that f' o g, = f.
Consider the function er: Ty — (7',t) which is the identity on 7" and sends the freely added
element of Ty to t. Then (T,er) is a terminal object in this strict category. Indeed, for
every basepoint-preserving function f: Sy — (7, t), its restriction f|g: S — T is the unique
function such that ep o (fls)+ = f.

S Sy
3 f\si (fls)+l \
T T+ *>5T (T, t)

So the right adjoint of (=) : Set — Set, is given by sending a pointed set (7', t) to its under-
lying set T'. To get the assignment on morphisms, observe that, for a basepoint-preserving
function f: (S,s) — (T,t), its underlying function f: S — T is the unique function such that

ero fr = foes.

S S+ i} (Sv S)
3/ f{ Jf
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So the right adjoint of (—)4: Set — Set, is given by sending a basepoint-preserving function
f:(S,s) = (T,t) to its underlying function f: S — 7. From the theorem, we directly know
that this is functorial and a right adjoint.

6.2. Cartesian fibrations

Similarly, we focus on cartesian fibrations, but everything can be dualized to cocartesian
fibrations via the opposite functor (—)°P: CAT; — CATs.

Definition 6.20. Let P: £ — C be a functor between strict categories. A morphism f: z — y
in £ is P-cartesian if, for all morphisms g: z — y in £ and h: Pz — Pz in C such that
Pfoh = Pg, there is a unique morphism h: z — x such that Ph = h and fh =g.

PZLP.’E

SO P

Py

Proposition 6.21. Let P: £ — C be a functor between strict categories.

(i) The composite of two P-cartesian morphisms is P-cartesian.
(ii) A morphism f in € is an isomorphism if and only if it is P-cartesian and Pf is an
isomorphism in C.
(iii) If f: x — z and g: y — z are two P-cartesian morphisms in € such that Pf = Pg,

then there is a unique isomorphism ¢: x =N y in € such that Py =idp,; and gp = f.
Proof. Exercise. O

Definition 6.22. A functor P: £ — C between strict categories is a cartesian fibration if,
for every object y € £ and every morphism f: ¢ — Py in C, there is a P-cartesian morphism
f:x — yin £ such that Pf = f. We call f a P-cartesian lift of f.

Remark 6.23. Note that, by (iii) above, the P-cartesian lift of a morphism f: ¢ — Py with
target y is unique up to a unique isomorphism.

Construction 6.24. Let C be a strict category and F': C°? — Cats be a functor. We
construct a strict category [ ¢ F', called the Grothendieck construction of F', whose

e objects are pairs (¢, x) of an object ¢ € C and an object z € Fc;

e morphisms (¢, x) — (d,y) are pairs (f,u) of a morphism f: ¢ — d in C and a morphism
u: x — Ff(y)in Fc, where F f: Fd — Fcis the functor given by the image of f under F;

e for an object (c,z) € fc F, the identity morphism is the pair (id.,id,);

e given composable morphisms (f,u): (¢,z) — (d,y) and (g,v): (d,y) — (e, 2z), their com-
posite is the pair (gf, F f(v) o u), where the second component is given by

u Ff(v)
x = Ff(y) — Ff(Fg(2)) = F(9/)(2).
This is a well-defined strict category (Exercise).

It comes with a projection functor 7f: J ‘F ¢ given by projecting onto the first
component, called the canonical projection.

Proposition 6.25. Let C be a strict category and F': C°°? — Cats be a functor. Then the
functor
' ch —C
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is a cartesian fibration.

Proof. The m!'-cartesian morphisms are precisely those morphisms (f,u): (¢,z) — (d,y) in
fCF such that u: x — F f(y) is an isomorphism in Fc¢ (Exercise). Let (d,y) be an object
in [ F and f:c — d be a morphism in C. Then a 7f-cartesian lift of f is given by
(fidpsy): (6, Ff(y)) = (d,y). O

Construction 6.26. Let P: £ — C be a functor between strict categories and ¢ € C be an
object. There is a strict category &, called the fiber of P at ¢, whose

e objects are objects x € £ such that Px = ¢;

e morphisms x — y are morphisms u: x — y in &£ such that Pu = id;

e identities and composites are given by those in £.

This is a well-defined strict category.

Proposition 6.27. A functor P: £ — C is a discrete right fibration if and only if it is a
cartesian fibration such that, for every object ¢ € C, the fiber & is a (large) set.

Proof. Exercise. O

Remark 6.28. Since we saw that the property for a strict category to be a set is equiv-sensitive,
the property for a cartesian fibration to have fibers that are sets is also equiv-sensitive.

Construction 6.29. Let P: & — C be a cartesian fibration and f: ¢ — d be a morphism
in C. For every object y € &4, choose a P-cartesian lift f,: f*(y) — y of f: ¢ = d = Py with
target y. Then there is an induced functor
f>k : gd — Ec,

called cartesian transport along f, sending:

e an object y € &; to the object f*(y) € &;

e a morphism u: z — y in &; to the unique morphism w: f*(z) — f*(y) such that Pu = id,

and the following diagram commutes

Fr@) - () e ¢

boe

_— EEEE—
u d idd d

given by the universal property of the P-cartesian morphism ?y: fy) — y.
This is a well-defined functor (Exercise).
Remark 6.30. Cartesian transports need not be strictly functorial. Indeed, given composable

morphisms f: ¢ — d and g: d = e in C, in general, we do not have an equality between the
functors (g o f)* and f* o g*, but only a natural isomorphism.

This suggests that, unlike discrete right fibrations, cartesian fibrations whose fibers are
small strict categories capture more than just functors C°°® — Cat,. This is illustrated by the
following example.

Ezample 6.31. Let Z = {0 = 1} be the walking isomorphism, and let £ be the strict groupoid
with three objects x,y, 3’ and exactly one morphism between every two objects. The functor

P:&— 1T, =0, y,y —1,
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is a cartesian fibration: every morphism in £ is an isomorphism and hence P-cartesian, and
every morphism in Z admits a lift with any prescribed target.

Observe that its fibers are given by & = [0] and & = Z and so are not isomorphic.
However, every functor F': Z°° = 7 — Cat, takes the isomorphism 0 = 1 to an isomorphism
F(0) = F(1). Consequently, the cartesian fibration P cannot be isomorphic over Z to [ Ip
for any such functor F'.

Remark 6.32. The Grothendieck construction for functors F': C°? — Cats also extends to a
functor

fc: Fun(C°P, Cats) — CAT; ¢
This functor is faithful but is not full in general. Its morphisms preserve the canonical choices

of cartesian lifts. Moreover, it is not in general essentially surjective on cartesian fibrations
with small fibers, as shown by Example [6.31

Definition 6.33. Let P: £ — C be a functor. A left adjoint section of P is a left adjoint
S:C — & of P such that PS = id¢ and the unit 7n: id¢ = PS is the identity natural
transformation.

Theorem 6.34 (Functoriality of universals). Let P: & — C be a cartesian fibration. Suppose
that, for every object ¢ € C, the fiber £, has an initial object. Then P admits a left adjoint
section S: C — £.

Proof. Choose, for every object ¢ € C, an initial object ic € &, and for every morphism
fie— d= P(ig) in C, a P-cartesian lift f; : f*(iq) — iq in €. The functor S: C — € is
defined by sending:

e an object ¢ € C to the object S(c) =i, € &;

e a morphism f: ¢ — d in C to the composite

S(f) =ic = f*(ia) = ia,
where !: i, — f*(iq) is the unique morphism in &. given by the universal property of the
initial object i..
The fact that S is a well-defined functor and a left adjoint section of P are left as exercises. [J
Ezample 6.35. We apply this result to obtain the tensor product functor for Vecty. Consider
the strict category Vect? whose
e objects are tuples (V, W, U, f) of k-vector spaces V, W, U and a k-bilinear map
[V xW—=U,
e morphisms (V, W, U, f) — (V/, W', U’, f) are tuples (v, w, u) of k-linear maps v: V — V',
w: W — W' and u: U — U’ making the following diagram commute.
f

VW -—U

Vix W' —>f/ U’

It comes with a projection functor 7 2: Vect% — Vecty, X Vecty, given by sending (V, W, U, f)
to (V,W) and (v,w,u) to (v,w). This is a cartesian fibration. Indeed, a m 2-cartesian
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morphism is a tuple (v, w, u) such that u is an isomorphism. Let v: V — V' and w: W — W’
be k-linear maps. A 7 o-cartesian lift of (v, w) with target (V/, W', U’, ') € Vect% is given by
(v, w,idgr): (V, W, U7, /(v x w)) = (V/, W, U, f).

Let V and W be k-vector spaces. The fiber of w1 2 at (V, W) is the strict category whose
e objects are pairs (U, f) of a k-vector space U and a bilinear map f: V x W — U;
e morphisms (U, f) — (U’, f') are morphisms u: U — U’ such that uf = f'.
Consider the tensor product V @ W and the bilinear function
— =V xW=VeW, (vw)—vw.

Then (V ® W, — ® —) is an initial object in the fiber of 72 at (V,W). Indeed, for every
bilinear map f: V x W — U, there is a unique k-linear map f:V®W — U such that

fl=o-)=T

Hence, the projection 712 admits a left adjoint section S: Vecty, x Vect, — Vect? sending
a pair (V, W) of k-vector spaces to the tuple (V, W,V ® W, — ® —). By projecting onto the
third component, we obtain the tensor functor

— ® — = m3S: Vecti x Vecty, — Vecty.



II. Synthetic category theory - Axioms

In this second part, we lay the foundations of synthetic category theory and introduce the
axioms needed for its development. We work in an ambient strict category whose objects
we call categories or oo-categories. We equip this ambient strict category with additional
structure and impose axioms that allow us to develop the theory of (co-)categories internally
to it. Although we work in a strict category, the approach remains synthetic because the
objects of that strict category are treated as primitive (oco-)categories whose behaviour is
specified axiomatically, without choosing a concrete model for them.

7. DIFFERENT APPROACHES TO FOUNDATIONS

There are (at least) three approaches to setting up the foundations of synthetic category
theory:

e a naive category theory, presented in the book [CCNW21|;

e a functorial type theory, as developed in the lecture notes of Walde;

e a strict categorical interpretation of the structure underlying such a functorial type theory,
which is the approach taken here.

They all have in common the following structures:

some basic mathematical objects called categories (or co-categories);
distinguished categories called animae, which will behave like co-groupoids;
functors between categories;

a composition for these functors.

In the naive approach, we have witnesses for the associativity of composition and for some
of the higher coherences. As acknowledged in [CCNW21] when discussing the epistemic sta-
tus of the theory, it remains unclear whether the current axioms include all the coherence
conditions needed for the intended development. In the type-theoretic approach, composi-
tion is associative by definition and, in our strict categorical interpretation, composition is
associative on the nose (an equality in a set).

Once the foundational frameworks are in place, these approaches develop synthetic cate-
gory theory from essentially the same axioms, formulated in different languages.

Each approach has its advantages and drawbacks. The naive approach stays close to
familiar higher-categorical practice, and may also admit models built directly from fully weak
structures, such as the category of categories constructed internally to the theory, without first
choosing a strict presentation. However, it requires explicit bookkeeping of higher coherence
data, which are not particularly relevant to the main ideas underlying the development of
the theory.

The type-theoretic approach makes the rules governing constructions, substitution, and
equality explicit. It also provides a framework particularly well suited for formalization in a
proof assistant. Its practical drawback is that it introduces a new language and formalism
that readers may need time to become familiar with before they can comfortably develop
category theory within it.

We adopt a strict categorical interpretation of the type-theoretic approach. This allows
us to use the familiar language of strict category theory while retaining the organizational
principles of type theory. Our aim is to develop the theory using constructions and statements
with type-theoretic counterparts. This approach should also provide a concrete framework
for showing that established models of co-categories, such as quasi-categories and complete
Segal spaces, satisfy the axioms of synthetic category theory. The main drawback is that it
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retains an external set-theoretic metatheory. Although the development of category theory
is synthetic, the ambient strict category is still described in set-theoretic terms. Thus, this
approach allows us to reason synthetically within familiar foundations, but does not itself
provide an alternative to those foundations.

The following table summarizes the correspondence between basic structures in the type
theory and its strict categorical interpretation.

Functorial type theory \ Strict categorical model
category C object C'
anima X distinguished object X
closed term ¢ : C' morphism [0] — C
dependent family = : C'+ D(x) distinguished morphism D — C
constant family z : C+ D projection C' x D — C
dependent term x : C'F f(z) : D(z) section of D — C'
dependent term x : C'F f(z): D morphism f: C — D
substituting  : C'+ f(x) : Diny: D+ E(y) | pullback of £ — D along f: C' — D

We therefore work in an ambient strict category, whose objects we call categories or co-
categories and whose morphisms we call functors. We distinguish certain objects as animae
and certain morphisms as family projections. To interpret closed terms, we require a terminal
object [0]; to interpret substitution, we require family projections to admit pullbacks along
arbitrary functors, with the resulting projections again being family projections; and so on.

This approach is inspired by Joyal’s theory of clans and tribes, by Cartmell’s notion of
a contextual category, and by some of the earliest versions of the class “Synthetic category
theory” taught by Cisinski at Universitat Regensburg.

8. BASIC STRUCTURE OF CLANS FOR CATEGORY THEORY

8.1. Clans for category theory

Definition 8.1. A clan for category theory consists of

(Cat) a strict category SynCat, whose objects are called categories or co-categories and
are denoted by A, B,C, D, E, ..., and whose morphisms are called functors and are
denoted by f: C — D,g: D — E, ..

(An) a full strict subcategory An C SynCat, whose objects are called animae and are
denoted by I'' A, X, Y, Z, .. .;

(Fam) a wide strict subcategory FamProj C SynCat, whose morphisms are called family
projections and are denoted by p: C — A,q: D - B, ..

satisfying the following conditions:

(C1) if X = C are isomorphic categories and X is an anima, then C is an anima;

(C2) SynCat has a terminal object [0] and [0] is an anima,

(C3) for every category C, the unique morphism C' — [0] is a family projection;

(C4) for every family projection p: C'— A and every functor f: B — A, the pullback of p
along f exists
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() ———cC

f(p) p

B f A
and its pullback f*(p): f*(C) — B is a family projection;
(C5) for every family projection p: X — I' between animae and every functor f: A — T’
between animae, the pullback f*(X) of p along f is an anima.

Remark 8.2. Since FamProj C SynCat is a wide strict subcategory, every isomorphism is a
family projection and the composite of two family projections is a family projection.

Definition 8.3. An object of a category C' is a functor c: [0] — C. We write ¢ € C.
A term of a family projection p: C — A is a section s: A — C of p, i.e., a functor
s: A — C such that ps = id4.

Remark 8.4. Observe that a term of the family projection C' — [0] is precisely the data of a
functor [0] — C, i.e., an object of C, since [0] is terminal.

Lemma 8.5. Let C and D be categories. Their product C x D exists and the canonical
projections mo: C x D — C, mp: C x D — D are family projections.

Proof. Since the unique functors C' — [0] and D — [0] are family projections, by (C4), there
is a pullback square

CxD—2 +p

40

and the pullbacks m¢ and wp of the unique morphisms are family projections as well. ([l

8.2. Families over a category as clans for category theory

Notation 8.6. Let A be a category.

e Let Fam(A) denote the full strict subcategory of the slice SynCat,4 spanned by the
family projections over A. We refer to its objects as families of categories over A.

o Let AnFam(A) denote the full strict subcategory of Fam(A) spanned by the family
projections p: C — A such that, for every functor f: ' — A with ' an anima, the
pullback f*(C) of p along f is an anima. We refer to its objects as families of animae
over A.

e Let FamProj(A) denote the wide strict subcategory of Fam(A) whose morphisms are
the family projections over A.

Example 8.7. If A is a category and I' is an anima, the family projection w4: A x I' = A is
a family of animae over A.

If A =T is an anima, the objects of AnFam(I") are simply the family projections p: X — T
with X an anima, as we now show.

Lemma 8.8. Let I' be an anima. A family projection p: C — T' is a family of animae
over ', i.e., for every functor f: A — ' between animae, the pullback f*(C) of p along f is
an anima, if and only if C' is an anima.
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Proof. If p: C'— T is a family of animae over I', taking f = idp, we get that C' = id(C) is
an anima by (C1). The converse holds by (C5). O

Remark 8.9. Since SynCat g = SynCat, [0] is an anima by (C2), and every functor to the
terminal object is a family projection by (C3), using Lemma we have isomorphisms of
strict categories

Fam(]0]) = SynCat, AnFam([0]) = An and FamProj([0]) = FamProj.

We will show that this data satisfies the conditions of a clan for category theory. But first,
we need some preparatory constructions and results.

Construction 8.10. Given a functor f: B — A, there is a functor between strict categories
[ Fam(A) — Fam(B)

called the pullback functor along f, sending:

e a family projection p: C'— A to a chosen pullback family projection f*(p): f*(C) — B,
which exists by (C4);

e family projections p: C - A and ¢q: D — A, a functor h: C — D over A to the unique
functor f*(h): f*(C) — f*(D) between their pullbacks along f.

This is a well-defined functor.

Remark 8.11. Observe that by the cancellation property of pullbacks, the top square in the
above diagram is also a pullback.

A (C) ———

|
f*(h)l Jh

f*(D) ———D

Q

In particular, if h: C' — D is a family projection, then so is f*(h): f*(C) — f*(D) by (C4).

Remark 8.12. If f: B — [0] is the unique functor to the terminal object, using Remark
the pullback functor f* is given by the functor between strict categories

B x (—): SynCat — Fam(B).

Lemma 8.13. Given a category A, pullbacks along family projections over A exist in Fam(A)
and are family projections. Moreover, given a functor f: B — A, the pullback functor

f*: Fam(A) — Fam(B)

preserves pullbacks along family projections.
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Proof. Given a family projection D — C and a functor g: E — C between families of
categories over A, their pullback in Fam(A) is given by the pullback ¢g*(D) in SynCat, which
exists by (C4) for SynCat,

9" (D) ——

D
"]
E—7VF—C

Y

where g*(D) is regarded as an object of Fam(A) through the composite of family projections
g (D) - E — A. Observe that, using (C4) for SynCat, the functor ¢*(D) — E is a family
projection over A.

Next, we need to show that the induced commutative square in Fam(B)

(g7 (D)) — f*(D)

| |

[N(E) ——
f*(9)
N

B

is a pullback square, where the vertical functors are family projections by Remark [8.11]
Consider the following equality of commutative diagrams

fg* (D)) — f*(DJ) — D f*(g*(l})) — g*(DJ) — D
N e A
[ (E) T f(C)———cC f(E) E—F—C

where the middle squares are pullback squares by Remark and the right-hand square is
a pullback square by construction. By the cancellation property of pullbacks, we get that the
left-hand square is a pullback square as well, as desired. O

We now prove that this gives a clan for category theory.

Proposition 8.14. Let A be a category. The following data form a clan for category theory:
(Cat) the strict category Fam(A) of families of categories over A;
(An) its full strict subcategory AnFam(A) C Fam(A) of families of animae over A;
(Fam) its wide strict subcategory FamProj(A) C Fam(A) of family projections over A.

Proof. We need to check the conditions of a clan for category theory:

(C1) Let C — A and D — A be family projections such that C' = D over A, and suppose
that C is a family of animae over A. Given a functor f: I' — A with I' an anima,
we get an induced isomorphism between pullbacks f*(C) = f*(D). Since f*(C) is
an anima, we deduce from (C1) for SynCat that f*(D) is an anima as well. Hence
D — A is a family of animae over A.
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(C2) The terminal object in Fam(A) is given by the identity functor ids: A - A. Given
a functor f: I' — A with ' an anima, then the pullback f*(A) = I" is an anima.
Hence idg: A - A is a family of animae over A.

(C3) For every family projection p: C — A, the unique functor to the terminal object
ida: A — Ais p itself, and so it is a family projection over A.

(C4) This is Lemma [8.13]

(C5) Let D — C be a family projection between families of animae over A and f: B — C be
a functor between families of animae over A. Consider the pullback square in Fam(A)

D)—
.

S D

\/» )
Given a functor g: I' —+ A with I an anima, by Lemma there is an induced
pullback square

g*(f*(l})) — g*(D)
| |
9" (B C

) ——— g*(O)
g (f)
\) ;

Since ¢*(B), ¢*(C), and ¢g*(D) are animae, we deduce from (C5) for SynCat that
g*(f*(D)) is also an anima. Hence f*(D) — A is a family of animae over A. O

Remark 8.15. When we do a construction for a category C or make a statement for an object
[0] = C in a clan for category theory, by interpreting this in the clan Fam(A), this amounts
to doing a construction for a family projection C — A or making a statement for a term
A — C. Hence, every construction or statement can also be done for families of categories
over a category A and for terms of these families.

Remark 8.16. For an anima I', the clan Fam(T") will satisfy all the axioms of the synthetic
theory of category theory and so it will form a model for category theory.

For a category A that is not an anima, the clan Fam(A) will fail to inherit the structure
of a model for category theory; for instance, the anima of sections axiom will not hold.

Definition 8.17. Let (SynCat, An, FamProj) and (SynCat’, An’', FamProj') be clans for
category theory. A clan morphism between them is a functor F: SynCat — SynCat
between the underlying strict categories that preserves animae, family projections, terminal
objects, and pullbacks along family projections.

Proposition 8.18. Given a functor f: B — A, the pullback functor between strict categories
f*: Fam(A) — Fam(B)
s a clan morphism.

Proof. Exercise. O
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9. FIRST STRUCTURAL AXIOMS

9.1. Equality families

We are now going to introduce an internal notion of equality in a category.

Definition 9.1. A functor j: C — D is anodyne if, for every family projection p: £ — A,
there is a lift in every commutative square

C%E
J h l
7 . p
D- A

A
9
i.e., a functor h: D — E such that hj = f and ph = g.

Construction 9.2. Let p: C' — A be a family projection. Then the diagonal functor
diag,: C' — C x4 C' is the unique functor induced by the universal property of the pullback

ide

Axiom A (Equality families).
For every family projection p: C' — A, there is a factorization of the diagonal functor

Eq(C)
refl l(&t)
C———CxyC

diagq

into an anodyne functor reflc: C — Eqyu(C), called the reflexivity functor, and a
family projection (s,t): Eq,(C) — C x4 C such that:

e the family projection (s,t): Equ(C) — C x4 C is a family of animae over C' x 4 C, i.e.,
for every functor (f,g): I' = C x4 C with I an anima, the pullback (f, g)*(Eq4(C))
is an anima;

e for every family projection ¢: D — Eq,(C), the pullback ¢*(reflc): refl,(D) — D of
reflo along ¢ is also anodyne.

*(refl,
refit, (D) —L) | p

|
| I
C ——— Equ(C)
reflo
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Remark 9.3. If a clan for category theory SynCat satisfies Axiom [A] then, for every cate-
gory A, the clan for category theory Fam(A) satisfies Axiom

Notation 9.4. When A = [0], we simply write Eq(C) = Eqq(C).

Remark 9.5. Given objects z,y: [0] — C, we think of an object a: [0] — Eq(C') making the
following diagram commute

Eq(C)

/ l(s,t)

0] ——— CxC
(z,y)
as an equality a: x =¢ y between = and y in C.

In contrast to the strict equality 2 = y of functors [0] — C, which is a property, an equality
«: x =¢ y is structure: there could be many different equalities between x and y. The anima
(z,y)*(Eq(C)) remembers all the ways in which z and y can be identified, and how these
identifications relate to one another. For every object z: [0] — C, we have a functor

refl, : [0] & € 21 Bq(0)
which gives an equality refl,: * =¢ x. So a strict equality * = y yields an equality

refl,: z =¢ y.

In what follows, we focus on family projections C' — [0]. By interpreting the definitions,
constructions, and results in Fam(A), we get the same definitions, constructions, and results
for family projections C' — A.

Definition 9.6. Given functors f,g: B — C, a homotopy between f and g is a functor
a: B — Eq(C) such that the following diagram commutes.

Eq(C)

We write a: f ~ g.
Remark 9.7. Observe that idgqc): Eq(C) — Eq(C) gives a homotopy idgqc): s ~ t.

Remark 9.8. Given a category A, the interpretation of this definition in Fam(A) reads as
follows. Given family projections B — A and p: C' — A and functors f,g: B — C over A, a
homotopy between f and g in Fam(A) is a functor a: B — Eq4(C) such that the following
diagram commutes.

Eq(C)

p l(&t)

We write a: f ~4 g, and call it a homotopy relative to A.
In particular, a homotopy a: f ~4 g fixes the part that is over A, in the sense that the
following diagram commutes.



44 LYNE MOSER AND TASHI WALDE

Eqa(C)

]
_
B pf =pg A

Homotopies are reflexive, symmetric, and transitive in a structural sense. We can build
the structure as follows.
Construction 9.9. Let C be a category.
o (Reflexivity) The reflexivity functor induces, for every functor f: B — C, a functor

refl;: B ENToRLER Eq(C)

which gives a homotopy refly: f ~ f.
e (Symmetry) Since reflc: C — Eq(C) is anodyne, there is a lift in the following commu-
tative diagram.

C Lﬂc, Eq(C)

For every homotopy a: f ~ g between functors f,g: B — C, we get a functor

_\—1
a ' B % Eq(0) o7, Eq(C)

which gives a homotopy a™': g ~ f.
e (Transitivity) Consider the following commutative diagram

/\
Ba(C) “telees i pyce) ¢ Ba(€) —— Fa(C)
C Eq(C) C

reflg

where the right-hand square is a pullback square by construction, and the left-hand square
is a pullback square by cancellation. Since (reflg o s,id): Eq(C) — Eq(C) x¢ Eq(C) is
a pullback of reflc along a family projection, it is anodyne, and so there is a lift in the
following commutative diagram.

Eq(C) - Bq(C)
(reﬁcos,id)l /i,*i’// l(s,t)

id

Eq(C) x¢ Eq(C) ———» C x C

(sm1,tma)

For all homotopies a: f ~ g and 5: g ~ h between functors f,g,h: B — C, we get a

functor

axf: B Loh), Eq(C) x¢ Eq(C) —= Eq(C)
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which gives a homotopy a * 8: f ~ h.

Remark 9.10. By interpreting the above constructions in Fam(A), we also get the structure
of reflexivity, symmetry, and transitivity for homotopies relative to A. This will be true for
the remainder of the constructions below as well, but we will not mention it again.

Definition 9.11. A commutative triangle consists of functors f,g, h and a homotopy
a: gf ~ h, as depicted below left. A commutative square consists of functors f, g, h, k
and a homotopy a: hf ~ kg, as depicted below right.

D 0'4}0>D

/J{g g « jh
[0}

CTE ETF

Proposition 9.12. Let C' be a category. We have that:
o (Left unitality) The following triangle commutes strictly.

refl o s,id
L2, Bg(0) %o Bq(C)

x J -

Eq(C) ————» C x C

Eq(C)

For every homotopy a: f ~ g between functors f,g: B — C, we have that refly x o = a.
In particular, we get a relative homotopy

lunit, = refly: refly x a ~oxco a.
e (Right unitality) There is a commutative triangle over C' x C,

(id,reflot)
—_—

Eq(C) Eq(C) x¢ Eq(C)

runit
e
id
(s,1)
Eq(C) —————» C x C
i.e., runit is a homotopy relative to C x C between the two composites. For every homo-

topy a: f ~ g between functors f,g: B — C, we get a relative homotopy
runit,: o xrefly ~oxco a.

o (Associativity) There is a commutative square over C' x C

Eq(C) xc Eq(C) xc Eq(C) —— """\, 5y(C) xc Eq(C)

(—=*—) xcidl ass l*

s, t
Eq(C) x¢ Eq(C) )

Eq(C) —~" % C x C

— %k —

For all homotopies a: f ~ g, B: g~ h, v: h ~ k between functors f,g,h,k: B — C, we
get a relative homotopy

assa,py: @k (Bxy) ~oxo (ax f)* 7.
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e (Right inverse) There is a commutative square over C x C

(id, (—)7h)
Eq(C) ———— Eq(C) x¢ Eq(C)

s rinv J— * —
l
C Eq(C) —————» C x C

reflo

For every homotopy a: f ~ g between functors f,g: B — C, we get a relative homotopy
rinvy: axa” ! ~oxo refl ;.
o (Left inverse) There is a commutative square over C x C

—)-Lid
Eq(€) Y, Bq(0) xe Eq(C)

tl linv J— * —
(s,1)
C Eq(C) —————» C x C

reflo

For every homotopy o: f ~ g between functors f,g: B — C, we get a relative homotopy

Vs a ~oxe refl,.

linv,: a
o (Inverse of inverse) There is a commutative triangle over C' x C.

Eq(C) — " Eq(0)

invinv J(()_l
(s,1)
Eq(C) ———» C x C

id

For every homotopy a.: f ~ g between functors f,g: B — C, we get a relative homotopy
invinv,: (ofl)*1 ~OoxC O

Proof. Left unitality holds by construction of — % —.
The rest is left as an exercise. For this, use the lifting property of anodyne functors with
respect to family projections to construct homotopies between relevant composites. O

Functors also preserve homotopies in a structural sense. We can build the structure as
follows.

Construction 9.13. Let f: C' — D be a functor. Since reflc: C' — Eq(C) is anodyne, there
is a lift in the following commutative diagram.

fl
C ! D ———"— Eq(D)
B -
reﬂcl /,,(}(’f)/ l(s’t)

For every homotopy «:: g ~ h between functors g,h: B — C, we get a functor

fa: B2 Eq(0) Balf), Eq(D)

which gives a homotopy fa: fg ~ fh.
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Proposition 9.14. Let f: C — D be a functor.
e (Unital) The following square commutes strictly.

C ! D
I"Cﬂcl JrCﬂD
Bq(C) ——  Bq(D) — s Dy D
Eq(f)

For every functor g: B — C, we have that refly, = frefl,. In particular, we get a relative
homotopy
unitg = reflyefi,, : Teflyg ~pxp frefly.

e (Functorial) There is a commutative square over D X D

Eq(f) x¢ Eq(f
Eq(C) x¢ Eq(C) — BN g (D) xp Eq(D)

—k —J( funct/ J(— * =

Ba(©) Ea(f)

(s,t)
Eq(D) ———» D x D

For all homotopies a: g ~ h and B: h ~ k between functors g,h,k: B — C, we get a
relative homotopy

funct! ;: fax f8 ~pxp flaxp).
Proof. Unitality holds by construction of Eq(f). Functoriality is left as an exercise. O

Construction 9.15. Let f: B — C be a functor. For every homotopy a: g ~ h between
functors g, h: C — D, we get a functor

af: BLCgEq(D)
which gives a homotopy af: gf ~ hf.

9.2. Equivalences

Definition 9.16. A functor f: C — D is an equivalence if there is a functor g: D — C
and homotopies a: gf ~id¢ and §: fg ~idp.

Remark 9.17. Given a category A, the interpretation of this definition in Fam(A) reads as
follows. Given family projections p: C'— A and q: D — A, a functor over A

C 4 D
N ﬁ
A

is an equivalence in Fam(A) if there is a functor g: D — C over A, i.e., pg = q, and relative
homotopies a: gf ~4 idc and §: fg ~4 idp. We say that f is an equivalence over A.

Proposition 9.18. FEvery anodyne functor is an equivalence.
Proof. Exercise. 0

Remark 9.19. Given a category A, observe that a functor in Fam(A) is anodyne if and only
if it is so in SynCat.
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As a special case, we obtain the following.

Corollary 9.20. Let C be a category. The reflexivity functor reflc: C — Eq(C) is an
equivalence.

Remark 9.21. Given a category A, the interpretation of this result in Fam(A) reads as
follows. Given a family projection p: C — A, the reflexivity functor

fl
O ———— Faqu(C)
N <«
A
is an equivalence over A.

Proposition 9.22. Let f: C — D be an equivalence. Then [ reflects homotopies.

Proof. Let g: D — C and a: gf ~ id¢. Let h,k: B — C be functors and 8: fh ~ fk be a
homotopy. We have homotopies

-1
he~l g grk % k
so their concatenation provides a homotopy o 'h x g8 x ak: h ~ k. O

Proposition 9.23 (2-out-of-3 property). Consider a commutative triangle

ey

C——FF

with homotopy a: gf ~ h. Then, if two out of f, g, h are equivalences, so is the third.

Proof. We prove one case, the other two are left as an exercise.
Suppose that f and h are equivalences, and denote by f': D — C, h/: E — C and

B: f'f ~ide, ~: ff ~idp, 6:KWh~ide, e:hb ~idg

the data making them into equivalences. We prove that the composite fh/: E — D is an
inverse of g. We have homotopies

gfh % nh' 2 idp
so their concatenation provides a homotopy ah’ * e: gfh’ ~ idg. We also have homotopies
’ -1 ’ ! !
g O g T g R gy Ldp
so their concatenation provides a homotopy fh'gy™' * fh of’ * fof x~: fh'g ~idp. ]

Proposition 9.24 (Rectification). Let p: C — A and q: D — A be family projections, and
f:C — D be a functor over A.

Then f is an equivalence over A if and only if it is an equivalence.

Proof. Exercise. O
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Proposition 9.25 (Pullback stability). Let p: C — A and q: D — A be family projections.
A functor over A

Oh—>D
N 1
A

18 an equivalence over A if and only if, for every functor f: B — A, the induced functor
over B

F4(0) fr(h)

I (
f’%qu)

s an equivalence over B.

Proof. Exercise. O

9.3. Anima of sections and functor extensionality

Axiom B (Anima of sections).

Let I be an anima and p: C' — I' be a family projection. For every family projection
q: D — C, there is a family projection Map,(C, D) — I' with Map,(C, D) an anima
together with a functor over C'

p*(Map,(C, D)) = C xr Map,(C, D) — % D

~—

C

called the evaluation functor, satisfying the following property: for every functor
f: A — T between animae and every functor g: p*(A) =2 C xp A — D making the

following diagram commute strictly
9

p*(A) ———— C

p*(f)

there is a unique functor A(g): A — Map,,(C, D) making the following diagrams commute
strictly.

Map,(C, D) p*(Ma

ST T

p*(A)

D))

A

Remark 9.26. If a clan for category theory SynCat satisfies Axiom [B] then, for every anima T,
the clan for category theory Fam(T") satisfies Axiom [B| This is generally not the case for the
clan of families over an arbitrary category.
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Remark 9.27. The universal property implies that there is a bijection
An (A, Map,(C, D)) = SynCatc(p*(A), D)
A 2 Map, (€, D) — p*(8) 28, p*(Map,(C, D)) <% D

which is natural in A. In particular, a term I' — Map,,(C, D) of Map,(C, D) — T corresponds
to a section C' — D of D — C, since p*(I") = C.

By restricting to the cases where f is a family projection, we get:

Proposition 9.28. For every anima I' and every family projection p: C' — T', the functor
between strict categories p*: AnFam(I') — Fam(C) admits a right adjoint:

p": AnFam(l') 2 Fam(C) : Map,(C, —).

In particular, the right adjoint Map,(C, —): Fam(C) — AnFam(l') preserves terminal ob-
jects and pullbacks that exist in Fam(C).

Proof. This follows directly from the pointwise formula for adjunction using the universal
property of the evaluation functor. O

Notation 9.29. When I' = [0], given a family projection D — C, we simply write
Mapq(C, D) := Map,(C, D),
where !: C' — [0] denotes the unique functor.
Remark 9.30. An object [0] — Mapq(C, D) corresponds to a section C' — D of D — C.
Translating Proposition in the case of the family projection C' — [0], we get:
Corollary 9.31. Let C be a category. There is an adjunction
Cx(—=): An 2 Fam(C) : Mapq(C, —).
To state the functor extensionality axiom, we first need the following technical lemma.

Lemma 9.32. For every anima I' and every family projection p: C — T', the functor
Map,(C, —): Fam(C) — AnFam(T') preserves family projections.

Proof. Let D — C and E — C be family projections and consider a family projection
q: E — D over C. We need to prove that Map,(C,q): Map,(C, E) — Map,(C, D) is a
family projection over I'.

Consider the following pullback squares

p*(Map,(C, D)) —— C ev'(E) ——— F
p'l - lp - q
Map,(C,D) ————T p*(Map,(C, D)) ——— D
d
Map,,(C, D)

Then we can form the anima of sections Map,, (p*(Map,(C, D)), ev*(E)) — Map,(C, D). We
prove that there is an isomorphism over Map,,(C, D)
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Map,(C, E) ——— Map,/ (p*(Map, (C, D)), ev*(E))

Mz C%
il Mapp(C,D)

which would prove that Map,,(C, q) is a family projection as it is isomorphic to one.
We show that, for every functor X — Mapp(C, D), we have a natural bijection

-An/ Map,, (C,D) (X7 Mapp’ (p* (Mapp(ca D))? eV*(E))) = An/ Map,, (C,D) (Xa Mapp(cv E))

and conclude using the Yoneda lemma.
Let X — Map,(C, D) be a functor between animae. A functor over Map, (C, D)

X — Map, (p"(Map, (C, D)), ev*(E))

/

Mapp(C’, D)

corresponds by the universal property of Map,, (p*(Map,(C, D)), —) to a unique functor
over p*(Map,(C, D))

(P') X = p*(X) evi(E)

\ /

p*(Map,(C, D))

Such a functor corresponds, by the universal property of the pullback ev*(E) to a unique
functor making the following square commute strictly

p(X) —— E

| N

p*(Map,(C, D)) D C

ev

Observe that this square further lives over C. Then, such a functor corresponds, by the
universal property of Map,,(C, —) to a unique functor over Map,(C, D).

X ———— Map,(C, E)

J Map,(C, Q)J( \

Map,(C, D) — Map,(C, D) — T
1

This concludes the proof. ]

Construction 9.33. Let I' be an anima, and p: C — I' and D — C be family projec-
tions. Since reflyap (c,p): Map,(C, D) — Eqr(Map, (C, D)) is anodyne, there is a lift in the
following strictly commutative diagram
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Map,,(C, reflp)

Map,,(C, D) Map,(C, Eqc (D))

reﬂMapP(C,D)J/ - l(Mapp(O, s), Map,(C,t))

Eqr(Map,,(C, D)) Map, (C, D) xr Map,,(C, D)

(s,1)

where we use that Mapp(C, —) preserves terminal objects, pullbacks, and family projections.

Axiom C (Functor extensionality).

For every anima I' and all family projections p: C' — I" and D — C, the functor from
Construction [9.33]

Eqr(Map,(C, D)) —————— Map,,(C, Eqc(D))

(N Mlappw, ), Map,(C. 1))

Map,,(C, D) xr Map,(C, D)

is an equivalence over Map,(C, D) xr Map,(C, D).

9.4. Mapping animae and homotopies
Definition 9.34. Let C and D be categories. The mapping anima is the anima
Map(C, D) := Map-(C,C x D)

where C' x D is regarded as a family projection over C' through the canonical projection
mo: Cx D —C.

Remark 9.35. Given categories C' and D, an object [0] — Map(C, D) corresponds to a section
C — C x D of the canonical projection m¢: C x D — C| corresponding to a functor C' — D.
If f: C — D is a functor, we also denote by f € Map(C, D) the corresponding object.

Proposition 9.36. For every category C, there is an adjunction:
C x (=): An = SynCat : Map(C, —).
Proof. This adjunction is obtained by composing the adjunctions
Cx(=): An 2 Fam(C) : Maps(C,—) and 7: Fam(C) = SynCat :C x (—)
where the composite of left adjoints is

Cx(=): An X, Fam(C) 5 SynCat

and the composite of right adjoints is

Ox(-)

Map(C, —): SynCat ———= Fam(C) MaLPc—(Cv—)>

An. O
Definition 9.37. The underlying anima of a category C is
C= = Map([0], C).
Construction 9.38. Let f: C' — D be a functor. Given a category A, the functor
A x Map(4,0) % c LD



LECTURE NOTES: SYNTHETIC CATEGORY THEORY 53

corresponds under the adjunction A x (—) 4 Map(A, —) to the functor
f«:==Map(4, ) = A(f oev): Map(A,C) — Map(4, D),
called the postcomposition functor with f.

Lemma 9.39. Let g: A — C be a functor, and \(g): [0] — Map(A, C) be the corresponding
object. Then
0] 2% Map(4, ©) L5 Map(A, D)
corresponds under the adjunction A x (=) 4 Map(A, —) to the functor
fg: A— D.

Proof. By construction, the following diagram commutes strictly.

o e
AN Map(4, €) “S 4« Map(4, D)
. J Jev
C - D

Hence A(fg) = f+A(g), and by unicity fg is the unique functor corresponding to fiA(g). O
We now give a mapping anima version of functor extensionality.
Proposition 9.40. Given categories C and D, the functor
Eq(Map(C, D)) ————  Map(C, Eq(D))

MapC’D)xMapCD

is an equivalence over Map(C, D) x Map(C, D).
Proof. Exercise. O

Remark 9.41. Given functors f,g: C — D, also regarded as objects f,g: [0] = Map(C, D),
the above result implies that an equality a: f =\1ap(c,p) g in Map(C, D) corresponds up to
equivalence to a homotopy a: f ~ g.

Construction 9.42. Given categories A and D, the inverse Map(A, Eq(D)) = Eq(Map(A4, D))
of the equivalence from Proposition induces a homotopy

post: s, ~ t.: Map(A,Eq(D)) — Map(A4, D).
For every homotopy a: f ~ g between functors f,g: C — D, we get a homotopy

t o
fe = (sQ)s = s, POt = (ta)s = g«

between functors f, g.: Map(A4,C) — Map(A4, D).
Construction 9.43. Let f: C' — D be a functor. Given a category FE, the functor
C x Map(D, E) % D x Map(D,E) <% E
corresponds under the adjunction C' x (—) < Map(C, —) to a functor
= Xev(f xid)): Map(D, E) — Map(C, E),

called the precomposition functor with f.
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Lemma 9.44. Let g: D — E be a functor, and X\(g): [0] — Map(D, E) be the corresponding
object. Then
0] 22 Map(D, E) L5 Map(C, B)
corresponds under the adjunction C x (—) 4 Map(C, —) to the functor
gf: C — E.
Proof. By construction, the following diagram commutes strictly.

id A i *
o — ) o Map(D, B) 22 ¢« Map(C, B)

i o Jo

_ _—
D o 3G D x Map(D, E) -~ E

g

Hence A(gf) = f*A(g), and by unicity gf is the unique functor corresponding to f*A(g). O
Lemma 9.45. Let D and E be categories. There is a homotopy
pre: s* ~t*: Map(D, E) — Map(Eq(D), E).

Proof. Since the left hand functor in the following commutative diagram is anodyne, it admits
a lift

reflp

D x Map(D,E) —— E : Eq(E)
. -

reﬂDXidl T T l(svt)

Eq(D) x Map(D, E) (ev(s x id), ev(t x id)) Bk

By the universal property of the mapping anima, the bottom commutative triangle corre-
sponds to a triangle

Map(Eq(D), Eq(E))
A(H) l(s o)

Map(D, E) Map(Eq(D), E) x Map(Eq(D), E)

i E—
(s, )

where we use that A\(ev(sxid)) = s* and A(ev(txid)) = t*, by definition. By Proposition
we get the desired homotopy as the composite

pre: Map(D, E) “ Map(Eq(D), Eq(E)) = Eq(Map(Eq(D), E)). O

Construction 9.46. Given categories D and FE, the homotopy
pre: s* ~t*: Map(D, E) — Map(Eq(D), E)

induces, for every homotopy a: f ~ g between functors f,g: C — D, a homotopy

f* _ (804)* = a*s* a*gre ottt = (tOé)* _ g*

between functors f*, ¢*: Map(D, F) — Map(C, E).
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Proposition 9.47. Let f: C — D be a functor. The following are equivalent:

(i) the functor f is an equivalence;
(ii) for every category A, the postcomposition functor f.: Map(A,C) — Map(A, D) is an
equivalence;
(iii) for every category E, the precomposition functor f*: Map(D, E) — Map(C, E) is an
equivalence.

Proof. The fact that (i) implies (ii) follows from Construction and the fact that (i)
implies (iii) from Construction
We prove that (ii) implies (i). Takmg A = D, we have that f.: Map(D,C) — Map(D, D) is
an equivalence. Let ¢: Map(D, D) — Map(D, C’) be an inverse of f. and a: fip ~ idytap(p, D)
be a homotopy. Then
[0] 225 Map(D, D) % Map(D, C)
corresponds to a functor g: D — C'. Moreover, the composite

ldD

0] <2 Map(D, D) % Eq(Map(D, D)) = Map(D,Eq(D))
corresponds to a homotopy
fg = fu(g) = feplidp) ~idp.
Now consider the equivalence f,: Map(C,C) — Map(C, D). Since we have a homotopy
flgf) = faf ~ [ = fi(ide).

by Proposition [9.22] we get a homotopy gf ~ idg. This proves that f is an equivalence.
The fact that (iii) implies (i) works similarly, setting g: D — C to be the unique functor
corresponding to

0] 299 Map(C, ©) & Map(D, C)
where ¢ denotes an inverse of f*: Map(D,C) — Map(C, C). O

9.5. Homotopy pullbacks

Construction 9.48. Let f: C' — F and g: D — FE be functors. Consider the following
(strict) pullback

C xh D —— Eq(E)

(WC,WD)l l(s,t)

CxD—FExEFE
fxg

Given a commutative square
P — C
k f

D—7F—F

with homotopy «: fh ~ gk, we get an induced functor (h,k)q: P — C x% D.
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«

P \\\(hyk')a

A

C x% D —— Eq(E)

J
(Wc,ﬂD)l l(s,t)

CxD—ExE
fxg

(h, k)

Definition 9.49. Let f: C — E and g: D — E be functors. A commutative square
—> C
Jooe ]
D—F—F
with homotopy «: fh ~ gk is a (homotopy) pullback square if the induced functor
(h,k)o: P — C x' D is an equivalence of categories.

Construction 9.50. Let f: C' — D be a functor. Consider the following strictly commuta-
tive diagram.

(ide, f)

T T
fl J indDJ jf

_— _ _—
D . Eq(D) —— > DX D ———» D

By cancellation, the left-hand square is a pullback square as well.
Hence, the equivalence over D

D ———— Eq(D)

fl
PN

induces, by pulling back along f: C' — D, the functor

C—=—— M(f)

N e

which is an equivalence over C by Proposition Using Proposition since id¢ and iy
are equivalences, then so is m¢: M(f) — C by 2-out-of-3. Moreover, the functor f factors as

c LMD
where iy is an equivalence and 7p is a family projection.

Proposition 9.51. A functor f: C — D is an equivalence if and only if mp: M(f) — D is
an equivalence.
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Proof. This is a direct consequence of the 2-out-of-3 property applied to f = 7p oiy. O
Proposition 9.52. Every strict pullback along a family projection is a homotopy pullback.

Proof. Let p: C'— E be a family projection and g: D — E be a functor. Consider the strict
pullback square

9°(C) ——c

pl p
D

4>E

We show that the induced functor (¢',p )ren: g*(C) — C x% D is an equivalence.
Consider the following commutative diagram.

/

g —L—c¢

(gl7p/)reﬂ ZP\

CxhD------- > M(p) ———» Eq(FE)

By cancellation, the middle left square is a pullback square, and so C X%D & g*M(p) over D.
Hence, by Proposition the functor

c—= M)

N A

is an equivalence over F, and it induces, by pulling back along g: D — FE, the functor

*( C xh D
g \(9)) oD )reft E
which is an equivalence over D by Proposition [9.25 (Il

Proposition 9.53. A commutative square

r—"c
kl ol f
DT>E
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is a pullback square if and only if, for every category A, the induced functor
(9.54) (s e )post o, : Map(A, P) = Map(4, C) X}a4.) Map(4, D)
is an equivalence of animae.

Proof. First observe that we have canonical equivalences
Map(4,C x D) = Map(4, (C x D) x gxr Eq(E))
= (Map(4, C) x Map(A, D)) Xnap(4,B)xMap(4,5) Map(4, Eq(E))
=~ (Map(4, C) x Map(A, D)) Xnap(a,£)xMap(4,5) Ed(Map(4, E))
= Map(A4, C) X}I\Z/[ap(A,E) Map(A, D).

where we use that Map(A, —) preserves strict pullbacks and products, and Axiom
Then the square is a pullback square if and only if, by definition, the functor

(h,k)o: P = C x% D

is an equivalence. By Proposition this holds if and only if, for every category A, the
induced functor ((h,k)q)«: Map(A, P) — Map(A,C x% D) is an equivalence. By the above
computation and applying 2-out-of-3 to the following commutative triangle

((hv k)a)* h
——— Map(A,C x%%, D)

(h*, k*)post Qe l:
Map(4, C) X'Kaap(A,E) Map(A4, D)

Map(A, P)

this holds if and only if, for every category A, the functor (9.54]) is an equivalence. O

Remark 9.55. Unpacking the above universal property, for every commutative square

[

DTE

by applying the inverse of (9.54), we get a functor a: A — P. By using the homotopy
relating their composite with the identity, we get homotopies v: ¢ ~ ha, §: ka ~ d, and
b: B~ fyxaax*gd, where

cﬁfha%lgkagégd

Pictorially, this can be represented as:

C
A
A—C 0 /X‘\
gl
0

a8 s p—" ¢

{ Js

_—
[0
D—F—F

2

DT>E
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Since the equivalence (9.54)) reflects homotopies, given another functor a’: A — P as well
as homotopies o: ha ~ ha', 7: ka ~ kd’, and ¥: fo x aa’ ~ aa * g7, where

fha®S fha' % gka' and  fha % gka L gkd’

we get a homotopy 6: a ~ a’. Higher coherences further imply that there are homotopies
hl ~ o, kO ~ 7. Etc.

Proposition 9.56. Consider a commutative square

r—" ¢

kl « :Jf
D — E

where f is an equivalence. Then it is a pullback square if and only if k is an equivalence.

Proof. Consider the following strictly commutative diagram.

4
(7rc77TD)l (Wc,ﬂE)l l(s,t)

CxD——(CxFE—FEXFE

. ide X g fxidg
7T2l lﬂ'z

_
D g E

By cancellation, the top left square is a strict pullback square. Hence the composite of the
two vertical squares is a strict pullback square. By Propositions and the functor

M(f)— = p

is an equivalence over F, and it induces, by pulling back along g: D — E, the functor

CxhD—2—p

W[Ny QAD
D

which is an equivalence over D by Proposition [9.25
By applying 2-out-of-3 to the following commutative triangle

(B )a .
P———CxyD

T |-

D
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we see that k is an equivalence if and only if (h, k)4, i.e., the square is a pullback square. O

Proposition 9.57 (Pullback cancellation). Consider commutative squares

R P C
N
B - D 7 E

where the right-hand square is a pullback square. Then the left-hand square is a pullback
square if and only if the total rectangle is a pullback square.

Proof. Exercise. O

Proposition 9.58. Consider a commutative diagram

c—l g2 p
:J{ I5) :l ol J{:

/ / /

¢ B D

where the vertical functors are equivalences. Consider pullback squares

p—" ¢ P

NN

D——E D ——— E
g

Then there is an equivalence P =5 P'.

Proof. Exercise. 0
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